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1 OO6mue cBegeHUs

1.1 Pa6ouwnii popmar JIlI-3amaun

B paccmarpuBaeMoil peasm3aniuy UCIOJIBL3YETCA TaK HA3BIBAEMBIN pabouul
dopmam 3amaan suneitnoro nporpavMvuposanus (JII1-3amauan):

z=cl'z +cy— min (1.1)
Az =1b (1.2)
I <z<u (1.3)

e * = (T) — BEKTOD IEPEMEeHHBIX, z — IesieBast MyHKIusA, ¢ = (c) —
BEKTOP K03 (DUIMEHTOB 1esieBoil (DYHKINHU, ¢y — IIOCTOSIHHBIA Y9JIeH HesIeBoil
dbyuknun, A = (a;,) — marpura koaddurpenTos orpanndenuii, b = (b;) —
BEKTOD IPaBbix udacreii orpanudenuit, | = () — BEKTOP HUKHHUX I'DaHUI
HepeMeHHbIX, U = (Ug) — BEKTOD BEPXHUX IPAHUIL IIEPEMEHHBIX.

Ecsin nkusist (BepxHsisi) rpaHuIA IEPEMEHHOll T) OTCyTCTBYyeT, TO (hop-
MaJIbHO CUUTAeTCs, 9T0 [ = —oo (up = —+o00). Ilepemennasi, y KoTOpOii
OTCYTCTBYIOT 00€ IDAHUIIbI, HA3BIBAETCs 60000101 (Heozparuyernoli) nepe-
mennoti. Ecmm Iy, = ug, TO nepeMeHHas Iy CUNTaeTCsa Gurcuposantoi.

B nanbneiimen mpenoaraeTes, 9To YUCJIO MEPEMEHHBIX PABHO 11, & YHC-
JI0 orpannveHuii-paseHcTs (1.2) paBHo m, mostomy Mmarpuna A umeer m
CTPOK 1 M cTOJONOB. TakzKe MpeoIaraeTcs, 9To 9Ta, MaTPHUIA UMEeT II0JI-
HbBII cTpouHbIil panr rank(A) = m, T. e. Bce CTpOoKU A JIMHEHHO HE3aBUCUMBI,
OTKy/la, B 9aCTHOCTH, CJIELyeT, 9T0 m < 1.

*Kadenpa npukiagnoit nundopmaruku, MockoBckuit aBuanuonubiit nactuty T, Mocksa,
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1.2 bBasucHble penieHust

IIpu pemenun JIII-3amaum cuMIIeKC-METONOM CPEIN BCEBO3MOXKHBIX JOITY-
CTUMBIX peH_IeHI/H'?'I7 T. €. TOYCK, y,ZLOBJIeTBOpHIOI_U,I/IX BCeM OI'paHUYECHUAM, OCO-
OyI0 POJIb UI'PAIOT TaK Ha3bIBAEMbIE Oa3UCHBIE peuteHus. [ eoMeTpudecKn 10-
[yCTUMbIe Ga3UCHBIE PEIIEHUsI COOTBETCTBYIOT BEPITHHAM (KpPatHUM TOYKaM )
BBIITYKJIOI'0 MHOI'OI'DAHHOI'O MHOYKECTBa! omycruMerx Todex JIII-3a1a4m, rie
KaxKJasl BEpIINHA ONPEeJeJIsieTcsl KaK TOYKa [epecedenus: rpaneil (rumep-
TIJTOCKOCTE{), COOTBETCTBYIOMIX AKTHBHBIM? JTHHEIHO HEe3ABHCHMBIM OTpa-
HAYEHUAM.

Tax xak juist JIII-3amaan (1.1)—(1.3) npe/osaraercsi, 9ro BCe OrpaHu-
vyennst (1.2) nuneiino He3aBucuMbl (MaTpuna A wMeeT MOJHBIA CTPOYHBII
paHr), TO, SIBJIsSIICh PABEHCTBAMU, BCE 3TU OTPAHMYEHUsT Oy/yT aKTUBHBI B
Jobom GazucHoM permrennu. Ciie0BaTeIbHO, JJjIsI OJHO3HAYHOTO OIpPEIesIe-
HUs OA3UCHOTO PEIICHUsI KAK TOUYKH B N-MEPHOM IIPOCTPAHCTBE IIEPEMEHHbBIX
x = (z}) K m orpanmdeHusiM-paBercTBaM (1.2) HeoOGXxoMMO T06ABUTD eIre
N — M aKTUBHBIX OIPAHUYEHUN U3 YUC/Ia MPAHUI] nepeMeHHbIX (1.3).

[lepemeHnHbIe, FPAHUIIBI KOTOPBIX SIBJISTIOTCS AKTUBHBIMU OTPaHUIEHUSIMI
B GA3UCHOM DeIleHNH, HA3BIBAIOTCS HEOU3UCHUIM (HE3ABUCUMbBLMIU) NEPEMEH-
Homu. OcTajibHBbIE IEepeMeHHbIe ¢ HEAKTHBHBIMU TI'DAHUIAMHI Ha3BIBAIOTCS
basuctomMy (3a6ucumobIMU) nepementoimu. TT0CKOIbKY HUMKHsIST M BEPXHsIsI
rpaHuibl HeOA3UCHOM IePEMEHHON He MOT'YT ObITh aKTHBHDI OJIHOBPEMEHHO, >
TO B JIIOOOM 6a3MCHOM pEIIeHWH BCeraa Oyaer m — m HeDa3HCHBIX U 1M Da-
3UCHBIX ITEePpEMEHHbIX.

Taxkum obpaszom, 6asucuoe pemtenne JIII-3amaun (1.1)—(1.3) oxHosHaq-
HO OIIPEJIEJIEHO, eCJIU yKa3aHO, KaKhe IepPeMeHHbIE SIBJIIOTCA OAa3UCHBIMU,
a Kakue HeDa3WCHBIMH, W I KaykKJIoi HeOa3MCHOM ITepeMeHHOM, NMeroIeit
00e (HUKHIOIO M BEPXHIOIO) TPAHUIILI, TAKXKE YKA3aHO KaKas UMEHHO U3 3THX
rpanui akTuBHa. [Ipu aT0M Tpebyercst, 9TOOBI BCe 1 aKTUBHBIX OTPAHUIEHUI
OBLIM JINHEHAHO HE3aBUCUMBIMU.

Ilepeitmem Kk anrebpamdecKOMy OMUCAHUIO Oa3uCHBIX pemrennii. [lycTn

o= %2 ) te=( ), m={("%), m={(""), (4
TN CN IN UN

rie II — noxpxosiast nmepecranoBouHast Marpuna, xg = [(xp);] — BeKTOp

Oa3HCHBIX IIePEMEHHBIX, TN = [(ZN);j] — BEKTOp HEGA3MCHBIX IEPEMEHHbIX,

cg = [(cB)i) m eN = [(cn);] — BekTOPBI KO3 bUIIEHTOB Te/eBOH BYHK-

i, g = [(Ig):] u Iy = [(In);j] — BexTOpBI HIZKHUX Tpanull, up = [(uR);]

'Eciu 910 MHOXKECTBO OT'PAHUYEHO, TO OHO MIPEJICTABJISIET COOOM BBITYKJIbIIT MHOTOTDAH-
HUK.

’B JIAHHOM cJiydae 60jiee MpaBUIbHBIM ObLIO ObI HA3BIBATH 9TU OTPAHUYEHUS] CEA3bLEA-
HOUUMU.

3Cnyqa171 (DUKCHPOBAHHOI ITEPEMEHHOI, T. €. KOTJA I = Uk, MOYXKHO PACCMAaTPUBATDH KaK
MpeJIeJIbHBIN CJIydail IBYCTOPOHHErO OorpaHudenus I — € < xx < up + € npu € — 0.



u uy = [(un);] — BEKTOPBI BEPXHHX I'DAHMUII, COOTBETCTBEHHO, OA3MCHBIX
u HeGasucHbIx nepeMenHbix. Coornomenue (1.4) HO3BOJISIET HPEICTABUTH
orpanmdenus-paseHcTsa (1.2) B cireryomeM SKBHBAJICHTHOM BH/IE:

ATz =b < (B|N)<§B>:b & Bazp+Nay=b, (L5)
N

rue

(B|N) = A1nl”. (1.6)

Baecs B — kBaJpaTHas MaTPUIA TIOPsIJIKA M, HA3bIBaeMast 0a3uchotl Mam-
puyets (MM IpoCcTo 6a3ucom). DTa MATPUIA COCTABICHA U3 CTOJIOIOB UCXO/I-
HOI MaTpuibl Ko3(dUuImenTos orpanrndenunii A, cOOTBETCTBYIOINX Ga3uc-
HBIM niepeMeHHbIM. MaTpuria N uMeeT m CTPOK U 1 — 1M CTOJIONOB, KOTOPBIMU
SIBJISIIOTCSL CTOJIONBI A, COOTBETCTBYIOINE HEOA3UCHBIM [IEPEMEHHDIM.

ITycts f = (fj) — BeKTOp aKTUBHBIX I'DAHUI] HEOASHCHBIX II€PEMEH-
ubix, T. €. fj = (Iy); wm f; = (un);. Torma G6asucHoe pemierne onpese-
JgeTrcd cyelylonleil cucTeMoi n ypaBHEHUI, COCTaBJICHHON U3 1M aKTUBHBIX
orpannvenuii-paBeHcTs (1.2) B dpopme (1.5) m n—m akTUBHBIX rpaHull] Heba-
3UCHBIX [T€PEMEHHBIX:

{ Brxp+ Nzy =b (1.7)

zy = [
Tak Kak BCe aKTHBHBIC OIPAHUYEHHUSA IPEIIONIAraloTCs JTUHEHHO He3aBUCH-
MBIMH, TO MaTpuila cucreMbl (1.7) HEBBIPOXKJIEHHAs, OTKY/a CJIEJyeT, UTO
GasucHas MaTpuiia B TakyKe HEBBLIPOXKJIECHHAs. DTO MO3BOJAET Pa3peliuTh
cucreMy orpanmndenuii-pasercts (1.2) B dopme (1.5) orHOCHTENIBHO Ga3MC-
HBIX [EPEMEHHBIX, YTOOBI SBHO BBIPA3UTDH UX U€Pe3 HEOA3UCHBIE TEPEMEHHBIE:

tp=—-B 'Naxy +B b & zp=Zzy+y, (1.8)

rae
Z=-B7!N, (1.9)
g=B"1b (1.10)

Brech = = (&) — m X (n—m)-MaTpulia, Ha3bIBAEMAS CUMNACKC-MAbAUYET,
g = (gi) — m-BekTOp, HA3BIBAECMBIN NPEOOPASOBANNBIM BEKMOPOM NPAGHLT
yacmet; 02paHuverul.

Omnpegenenus (1.9) n (1.10) ¢ yduerom coornomenus (1.4) mossosstor
3alcaTh 6a3UCHOE PelleHre Kak pelterue cucremsl (1.7):

x:HT<§fV3>:HT</;>, (1.11)

B=(Bi)=-B Nf+B 'b=Zf+g (1.12)

€CTh M-BEeKTOP 3HAYEHUI OA3MCHBIX ITEPEMEHHBLIX B OA3MCHOM pEITeHWH.

rae



Hpumevarnue. MoxkeT CJIyduThCsi, 9T0 HEDA3UCHOU SIBJISIETCS CBODOHAS
nepemennas’? (rx); = Tk, y KOTOPOil OTCYTCTBYIOT 06€ HUYKHsIsl U BEpXHsisl
rpanutpl (I = —o0o u up = +00). Torma Mbr MozkeM (hOpPMAaIbHO paccMmaT-
PUBATH TaKyIO IIEPEMEHHYIO KaK CyMMy JIBYX MEPEMEHHBIX T = &, + T}, Te
x) > 0 (HeorpunaresbHas nepeMennas), xj < 0 (HemoyoKuTegbHAS MEpe-
mennast). Ilepementbie @) u &, He MOTYT GBITH GABHCHBIME OJHOBPEMEHHO,
Tak KaK B IPOTHBHOM Cjy4ae B Oa3ucHoil Marpuile B Obum Obl JiBa OuHA-
KOBBIX, & 3HAYUT, JIMHEHHO 3aBUCUMBIX cToJiOna. [losromy, ecin xj, aBisiercs
6a3mCHOIl U ee TeKylee 3HAYCHHE HEOTPHUIATETHHO (HEMOJOKUTEIBHO), TO
9TO KBHUBAJIEHTHO TOMY, 4TO GA3HCHON sIBJISETCS lepeMeHHast T (CoOTBeT-
CTBEHHO, T7}), & lepeMeHHas1 &}, (COOTBETCTBEHHO, L}, ) ABJIAETCs HeOA3UCHOM 1
ITO9TOMY HAXOJIUTCsI HA CBOeil akTUBHOU HyJieBoil rpanurie. CjenoBaTe/ibHO,
ecau Ty sBJsieTcss HeDA3MCHOMI, TO 9TO 3KBUBAJEHTHO TOMY, 9TO 00e Iepe-
MEHHBIE T}, U T} HeOa3HUCHbIE, a 3HAYUT, (POPMAILHO MOXKHO CIHTATH, 9TO B
9TOM CJIydae 3HadYeHNe IePeMeHHOl (T ); = T B Oa3UCHOM DEIeHHN PABHO
HYJIIO, KAK €CJIi Obl 9Ta [epeMeHHas UMeJIa AKTUBHYIO HYJIEBYIO I'DAHUILY.

BazucHoe perienne siBjsieTcst JOMYCTUMBIM, €CJIU 3HAYEHUs] BCEX IIepe-
MEHHBIX YAOBJIETBOPAIOT BceM orpanmdennsaM JIII-zagaun. Tak kak cooTHO-
nrerre (1.8) SKBUBAJIEHTHO UCXOJIHOl cucreMe orpanndeHuii-pasects (1.2),
TO J1I000€e 0A3UCHOE PEIIEHNE 10 OIPE/IETEHUIO YI0BJIETBOPIET STUM OI'DAHU-
qeHustM. Kpome Toro, 3HadeHnst He0A3UCHBIX [IEPEMEHHBIX B JTIOO0M Da3UCHOM
PEIlleHNN COBIAJAIOT € WX TPAHMIAMIE, [MO3TOMY Hapyienune rpanuni (1.3)
BO3MOXKHO TOJIBKO JjIst OA3UCHBIX MEPEMEHHBIX. Takumm obpaszoM, HGa3ucHoe
pererne (1.11) siBiisiercst 1OIycTUMBIM TOJIBKO ecan g < f < up, T. €. eciu
3HAYEHUS BCEX DA3UCHBIX IEPEMEHHBIX HAXOATCS BHYTPU COOTBETCTBYIOIINX
I'DAHWIL.

Besikoe nHepionyctumoe 6a3ucHoe perenne XapakTepusyeTcsi TeM, 9TO XO-
Ts1 ObI O/HA Oa3MCHAST IEPpEMEHHAsT B 9TOM PEIIeHNH HAPYIIAET CBOIO HIXKHIOO
WA BEPXHIOIO IPAHUILY. | €OMETPUUIECKH HEJIOIMYCTUMbIe ODa3UCHbIE PENIeHus
TaKKe [PEJICTABIISIIOT cO00I TOUKM nepecedeHust rpaHeii (runepiockocreii),
COOTBETCTBYIONINX AKTUBHBIM JIMTHEHHO HE3ABUCUMBIM OI'DAHUYEHUSM, OJHA-
KO 9TU TOYKHU JIEKAT BHE BBIIYKJIONO MHOINOTPDAHHOI'O MHOXKECTBa, JIOIYCTHU-
MbIX perennit JITI-3amaxm.

4Takyro nepeMeHHyI0 GoJlee IPABIIBHO 6BUIO 651 HA3BIBATD CYNepasucHol 0 AHAJIOTHN
¢ cynepba3uCHBIME [TIEPEMEHHBIMI B 3aJ[a4ax C HeJIMHEHHON 1es1eBoil (DyHKIMEH.



1.3 CumMmnjiaekc-MeTo.

CumMiuiekc-MeTo|, — 9TO YucJIeHHbIi MeTos pernenus JII1-3ama4, paspadboran-
neiit /Ix. Janmurom (G. B. Dantzig) B 1947 1.°

C reoMeTpudeckoil TOUKHU 3peHust 00Iast uaest CAMILIEKC-METOIa JT0CTa-
TOYHO IIPOCTA U 3aKJII0YAETCs B CyeyromneM. [1peImosoKum, 910 MBI HAX0-
JIUMCSI B HEKOTOPO# BepIIUHE MHOTOIPAHHOTO MHOYKECTBA JOMYCTUMBIX Pe-
mennii JITI-3aga4au. VI3 910it BEPIIUHBI UCXOJAT pebpa, BEIAYIIAE B CMENHCHDLE
BepiuHbl. Kcmu aBmKkeHne BIOJIb KaKOro-ub0 pedpa MPUBOAUT K YIIyHIIIe-
HUIO IIeJIEBOI (DYHKIIUM, TO MBI IIEPEXOINM B COOTBETCTBYIOIILYIO CMEXKHYIO
BEpIUHY C JIYYIIUM 3HaYeHHeM IeJIeBOM (PYHKIIUU, IIOCIE Iero MOBTOPSIEM
BCe CHavaja J0 TeX IOp, IMOKa ITO BO3MOXKHO. [TOCKOIBKY YHC/IO BEpITUH
MHOT'OI'PAHHOI'O MHOYKECTBA C KOHEUHBIM YUCJIOM I'DaHell KOHETHO, TO HOCJIe
BBIIIOJIHEHNST KOHEeYHOro® wmcsia IIaroB Mbl IPHEM B BEPIINHY, U3 KOTO-
pOil Iepexo; B CMEXKHYIO BEPIIUHY C JIyUIIUM 3HAYEHUEM IIeJIEBON (DYHKIIN
HEeBO3MOXKeH. Bepmmaa, 00jagaomnas yKa3aHHbIM CBOMCTBOM, OYIeT OITH-
maJibHbIM perenueM JIII-3agaxnm.

Paccymorpum anrebpamdeckoe onmcanne CUMILIEKC-METO 1 TPUMEHUTE b
Ho Kk JIII-3ayiaue B dpopmare (1.1)—(1.3).

[Iycrs y Hac umeercs gomnycrumoe Gasuchoe pertenne (1.11), coorser-
CTBYIOIIlee TEKYIEeil BepIINHE MHOIMOTPAHHOI'O MHOXKECTBA, JHOIIYCTHUMBIX pPe-
meHuii. /IBrmKeHne BoJib pebpa 10 HAIIPABJIEHUIO K CMEXKHOI BEPIIMHE Xa-
pPaKTepU3yeTcs TEM, 9TO KaKoe-I100 OIHO aKTUBHOE OI'PAaHMIEHUE IIEPECTAET
OBITH AKTUBHBIM, B TO BPeMsI KaK OCTaJIbHbIe aKTHBHBIE OTPAHUIEHUST OCTa~
10TCst akTUBHBIME. Tak Kak orpaHuveHusi-paBeHcTBa (1.2) aKTHBHBI B JIIO-
60M Oa3UCHBIM pEIIeHNN, TO YKa3aHHBIM OT'PAHUIEHIEM MOYKET OBITH TOJBKO
orpannvenue Buga (1.3), T. e. aKTHBHAsI rpaHUIA KAKOW-mb0 HeHGA3MCHOI
nepemenHoii (zy);. Takum obpasoM, JBuzKkeHne BIOJIb pebpa O3HAYAET, UTO
COOTBETCTBYIOIIAasT 3TOMY peOpy Heba3mcHas MepeMeHHas] HAIMHAET W3Me-
HSIThCS B JOIMYCTUMOM HAIIPABJICHUHU: YBEJIUINBATHCSI, €CJIM aKTUBHON ObLIa
ee HUXKHsST TPAHUIA, WM YMEHBINATbCS, €CJIU aKTUBHOI ObLia ee BepXHss
rpaHuIa.

IIpeamonoxum, 4r0 HeOA3UCHAS HepeMeHHas (T ); U3MEHSIETCS B JI0-
mycTHMOM HampasjeHuu. B coorsercrBun ¢ (1.8) sro mpusemer K u3MeHe-
HUIO OA3UMCHBIX MEPEMEHHBIX, & TaKKe IiejieBoit dyHkinn. UToObl OIEHUTH
cymMapHoe u3Mmenenue 1eseBoil dyuakipm (1.1), obycsioBieHoe n3MeHeHneM
HeOA3UCHON 1 6A3MCHBIX IePeMEeHHbBIX, 3AIUIIeM ee B CJIeIyIONeM BUJIe, UC-
nosb3yst coorHorrenne (1.4):

T
CB B

+¢o = chap + chan +co, (1.13)
CN TN

z=c Tz + co =

-
°Buepssle cumiuiekc-MeTos 6611 onybikoBad B pabotre [1]. Cum. rakxke [2].
61_[pI/I ycjaoBuu, 9TO IIPUHATHI HeO6XO,ZII/H\IBIe MepBbI, IpeJoTBPpallalole 3alluK/JInBaHue,
KOTOPOE BO3MOKHO, €CJT UMEIOTCA KPATHBIE (COBIAAIONTAE) BEPIITUHDI.



nocsie dero nojcrasuM B (1.13) Beipaxkenue st xp u3 (1.8). B pesynbrare
HOJLY 4UM:

z=c5(-B'Nay + B71b) + chay +co =

= (i —cEB'N)an + 5B b+ o =

(1.14)
= (CN — NTB_TCB)TxN + (B_TCB)Tb +co =
=dlzy + do,
re
d=cy+ETeg=cy — N, (1.15)
7 =B Te¢g, (1.16)
do = 'b + cp. (1.17)

Bnech d = (dj) — BEKTOp TaK HA3BIBAEMBIX OMHOCUMENLHOLL OUEHOK Heba-
BUCHDLT NEPEMEHHHIT,! TJIe OTHOCHTETHHAS OIEHKA d; mokasbIBaeT CymMMap-
Hoe (T. e. MpsiMOe M KOCBEHHOE 1uepe3 Oa3uCHbIe [IepeMeHHbIe) BiusHue Heba-
3UCHOI IepeMeHHOM (2 ); Ha IesIeByI0 (QYHKIIUIO IIPU YCIOBUI, YTO OCTATIb-
Hble HeDA3UCHBbIE MEepPEeMEeHHBbIe He U3MeHsioTcs. Bekrop m = (m;) — 910
BEKTODP TAK HA3BIBAEMBIX OUEHOK NPAGuir wacmel oepanuverud (Wi cum-
NAEKCHBIT MHOodcUmMenet),® Tie oTleHKa MPaBoil YacTH 7; TOKAa3LIBACT BJIHA-
HU€ W3MEHEHUsl [IPAaBOIl YaCTH -0 OrPAHUYEHUs b; Ha IEJEeBYI0 (DYHKIHUIO.
CkasispHast BeJImIuHa dgy €CTh MOCTOSHHDBIN YJIeH ITPeodPa30BaHHON e 1eBOit
dbyukuun (1.14).

B cayvae munuMmzanum IBM2KEHHE BIIOJIb BLIOPAHHOTO pedpa I0J2KHO
IIPUBOJIUTH K YMEHBINEHUIO 1eJieBoit dyHKimu. Tak Kak BIOOP pedpa cooT-
BETCTBYET BBIOOPY HEOA3MCHOW IEPEeMEHHOMN, 3TO O3HAYAET, UTO MbI MOXKEM
BBIOpaTh JTI0OYI0 HEOA3UCHYIO MEPEMEHHYIO ¢ aKTUBHON HMXKHEH T'DAHUIIEH,
OTHOCHUTEIHbHAS OIEHKA KOTOPOil OTPUTIATE/IbHA, WIH JIOOYI0 HEOA3UCHYIO TIe-
PEMEHHYIO C aKTUBHOI BepXHel IpaHulleil, OTHOCATEJbHAs OIleHKAa KOTOPOU
IOJIOZKUTE/bHA, IIOCKOJIbKY W3MEHCHHE TAKON IepeMEHHON B JIOILyCTUMOM
HallpaBJICHWH JaCT yMeHbIeHue IeieBoil dynkmun. B ciydae cBoOOIHOIM
HeOA3UCHON TIepeMeHHON JOCTATOYHO, YTOOBI €6 OTHOCUTEJIbHAST OIEHKa ObI-
Jla HEHYJIEBOH, TaK Kak CBODOJHAS IIepeMEeHHAs] MOXKET U3MEHSAThCS B JII0O0M
HampaBjieHnn. Ecjii pu 9TOM He HaliIeTcsi HU OJIHOM MOIXo/sieii Hebasuc-
HOIl IIepeMeHHoil, TO TeKyllee ODa3UCHOE PelleHrne COOTBETCTBYET MUHUMYMY
1eJieBoil pyHKIuM (SIBJISIeTCsl ONTUMAIBHBIM). 3aMeTHM, 4TO OOBIYHO MMe-
eTCsl HECKOJIbKO TOJIXOISINNX HEOA3UCHBIX [IEPEMEHHBIX, I09TOMY BO3HUKAET
pobJjieMa BeIOOpa Hanbosiee MOAXOsIIel HeOA3UCHOM TePEMEHHOT.

7I{OMI‘IOHQHTI)I BEKTOpa d CyThb 3HaAYCHUA MHOXKUTeEH ﬂarpaH}Ka JJIgd aKTUBHBIX I'Da-
HUIL HeOA3MCHBIX IIepeMEeHHbIX.

8KOMIOHEHTBI BEKTOpA T CyTh 3HAMEHHs MHOXHTesed JIarpamska Jisi OrDaHITeHMii-
paseHrcts (1.2).



Jomycrum, uro BeiGpana moaxo/siiast Hebas3ucHast nepeMentast (T ) 1
9Ta IlepeMeHHasl HaYNHACT U3MEHATHCA B AOIIYCTHUMOM HallpaBJICHUN (BOS—
pacTarh Win yObIBATH), IPU TOM OCTAJIbHbIE HEOA3UCHBIE [IEPEMEHHBIE OCTa~
I0TCSI Ha CBOMX aKTHBHBIX Ipanunax. Toryga B coorsercrsun ¢ (1.8) HauHyT
U3MEHAThCs GasucHble nepeMeHHble Tp. Tak Kak Tekyllee 6a3ucHoe pere-
HUe IPEJIIOIaraeTcs JOIyCTUMBIM, TO B HadaslbHBIH MOMEHT, Korja (Tn)q
HAXO/IUTCSI HA CBOEji aKTHBHON IpaHuIle, Bce OA3MCHBIE IepeMEeHHbIe OyyT
HAXOJIUThCS BHYTPHU CBOUX IpaHUIl. [IoHSITHO, YTO ec/ii B MPOIECCe U3MeHe-
Hust (2 )q HeKoTOpast GasucHast IIepeMenHast (T g ), IePBOil JOCTUTHET CBOed
(mpKHel M BepxHeit) rpanunel, mbo cama HebazucHasi HepeMenHast (T )q
IIEPBOl JIOCTUTHET CBOEH ITPOTUBOIIOJIOXKHONW T'PAHUIIBI, TO ITO OYyIeT O3Ha-
YaTh, YTO MbI JOCTUIVIN CMEKHOM BEPIINHBI U JlaJlbHelilee n3MeHeHue ()
B TOM 2K€ HallpaBJIEHUN HEBO3MOXKHO, TaK KaK 3TO IIPUBEAET K HaPYIIEHUIO
IPAHUIIBI COOTBETCTBYIONIEH IIePEMEHHOMN, a 3HAYHUT, K BBIXOJY 3a [PEJIEJIbl
JAOIIYCTUMOI'O MHOXKECTBA.

YT06bI HANTH IEPEMEHHYIO, OIPEIE/IAIONIYI0 CMeXKHOe Ba3nuCcHOe periie-
HUe, IMOJIO2KUM

(xN)g = fq+ 50, (1.18)
rae fy — aKTuUBHAs IpaHUIlA HEOA3MCHOI HepeMeHHOIl (2N )g B TeKyIeM Oa-
3UCHOM pelnenun, s = —sign dy (s = +1, eczm dy < 0, 1. e. (zN), BO3pac-
taer, uian § = —1, ecsim dy > 0, 1. e. (xn), yObiBaer), > 0 — crajsipHbL
apameTp Jiyda, KOTOPBIil HCXOAUT U3 TEKYIIEH BEePIINHBI 1 HALPABJICHAE KO-
TOPOT'O COBNAJACT C HAIPABJICHHEM pebpa, COOTBETCTBYIOIIETO HEPEMEHHOI
(xN)q. BaMeTnM, 94TO yBesHIeHne apaMeTpa § HadunHasi C HyJIsl COOTBETCTBY-
er u3MeHeHUIO (TN ), B JOLYCTUMOM HAIIPABJICHUM HAUMHAs C €€ aKTUBHOIL
I'PaHUIIbI fq. HOCKO.HI)Ky OCTaJIbHbIE He6aSI/ICHI}Ie IIepeMeHHbIe HEe N3MEHAIOT-
cs1, To ¢ yaeroM (1.8) u (1.12) ornenbhas 6a3ucHas nepeMensas (rg); Oyaer
3aBHCETh OT 0 ciieyomuM 06pasom:

(xB)i = Bi + &igsb, (1.19)

rae i — sHadenue (rp); B TEKylleM 0a3uCHOM pelleHuu, &, — SIEMEHT
cumiutekc-Tabunst (1.9). OdeBunno, uro ecin &ys < 0, To (zp); yObIBaeT
BJOJIb JIy4a, a ecan Eus > 0, To (rp); Bo3pacraer BIOMIL Jiyda. IlosTomy
(xp); nocrurner cpoeii HukHeil rpanunpl (Ip); win BepxHeil rpanunpst (Ug);
npu 0 = 6; > 0, tre

M, ecin g5 < 0
0; = g’ (1.20)
(up)i — Bi
——— ecan &gs > 0
giqs & 1

a 3HAYHT, Nepeotl TOCTUIHET CBOeil TpaHuIbl Ta OasuCHas IIepeMeHHast (L),
JU1sl KOTOPOI
0, = min 6;. (1.21)
K3
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Kpome rtoro, nebasucnast nepemennast (zy)q JOCTHIHET CBOEH IPOTHBOIO-
JIOXKHOI rpanuIsl npu 6 = 0y > 0, rae

0o = |(In)q — (un)ql- (1.22)

[TosTomy Jiyd ocraHercs: B jonycTuMoMm MHoxkecTse npu 0 < 6 < O.i,, riie
Omin = min(epa 00) (123)

Takum 06pazoM, BeJnauHa Oyi, TO3BOJISIET UIACHTUMUIUPOBATH IEPEMEH-
HYIO, KOTOpas MEePBOil JIOCTUTAET CBOEN I'PAHUIIBI U TEM CaMBIM OIpEIEsIsieT
cMmeknoe OasmucHoe pertenue: ecin Opin = 0p, TO 9T0 OasucHasg IepeMeH-
Hast (TR)p, & ecint Omin = 6y, TO 310 HebazuCHast HepeMeHHas (T )q. Hyx-
HO TakKe 3aMEeTUTh, YTO BO3MOMKEH CjIydail O, = 00, KOTOPbIi O3HAYAET,
gro JITI-3a1a9a uMeeT HEOrpaHUYEHHBIH ONTUMYM (MUHUMYM), T. €. B 3TOM
cilydae BO3MOXKHO HEOIDAHMYEHHOE YMEHbIIEHUEe Te/IeBOil (DYHKIMU BIOJb
COOTBETCTBYIOIIETO JIyUa.

Ecmm Omin = 6, T0 B cMeKHOM 0a3MCHOM DeIleHHH Ta, (HUKHSIS HIIN
BEpXHsisl) TPAHUIA IE€PEMEHHON (ZR),, KOTOpas IPEHATCTBYET JajbHeiirre-
My U3MEHEHHIO (Zp)g, T. €. KOTOpasi OILpeJesIsieT BEeJIUIUHY ), CTAHOBHTCS
AKTUBHOII, a TeKyllas aKTUBHAsl IPaHUNa f; epeMeHHOil (Zy)q, HA0OOPOT,
repecraeT ObITHL akTUBHON. pyrumu ciioBaMu, B CMeKHOM Oa3uce mepeMeH-
uble ()p U (TN)q MEHSIOTCS POJISIME: (ZR), CTAHOBUTCH HeOA3UCHOI (BBI-
xomutr u3 Gasuca), a (zn), craHoBuTcs GasucHoil (BxozuT B Gasuc). Ecim
ke Omin = 6y, TO B cMexkHOM Oasmce IepeMeHHas (T ), ocTaercs Heba-
E')I/ICHOI';'I7 OJHAKO aKTHUBHOII CTAHOBUTCY €€ IIPOTUBOIIOJIO2KHAsI I'PaHUIlA. BHaH
BEJIMUUHY Opnin MOYKHO TaKyKe OIPEE/UTh BEJTMUUHY [TPUPAIIEHUs] TIeJIeBOI
byHKIME TpK TIepexojie OT TEKYIIEero 6a3uca K CMEKHOMY:

Az = —|dyBmin| < 0. (1.24)

Bribop 6azucHoit nmepemMeHHON MOXKET 0Ka3aTbCsl HEOHO3ZHATHBIM, €CJIU
HECKOJIBKO TIEPEMEHHBIX OJIHOBPEMEHHO (T. €. IIPU OJIHOM ¥ TOM K€ 3HAYCHUH
0 = Omin) JOCTUTAIOT CBOMX TDAHMUII, IIPHYEM 3Ta HEOJHO3HAYHOCTH OOBIY-
HO ycyryoussiercst cutyanueit Oy, = 0. B mociennem ciydae mpu mepexo-
Jle K CMeKHOMY 6asucy 1eseBast (QyHKIUS HE U3MEHSIETCsI, TO9TOMY, €CJIN
He NPUHUMATH CIEIUaIbHBIX MeP, BO3MOXKHO 3allMKJINBAHUE METOJIa, KOT/a
[IPOUCXOJIUT BO3BPAT K OJHOMY M3 MPEIBLAYIIIX OA3MCHBIX PEINEeHHH.

B 3ak/ioyenne pacCMOTPUM HTPHUHIUIHAIBHYIO CXeMY CHMILIEKC-METOJIa
npumennresnbHo K JIII-3amaqge (1.1)—(1.3), mosarasi, 9T0 3aaHO0 HEKOTOPOE
HavaIbHOE JIONyCTUMOe Oa3ucHOe perienne (yKa3aHo, KaKue TIePEeMEeHHbBIEe SB-
JISTIOTCsT 6A3UCHBIME, Kakue HeOA3UCHBIME, W JIJIsi HeOA3UCHBIX HePEMEHHBIX
yKa3aHbl UX aKTUBHbIE IDAHUILbI).



CUMIIJIEKC-METO/

Iae 1. Berauciurs B = (f;) — BEKTOP TeKyIIUX 3HAYEHUH OGA3MCHBIX
nepemennbiX £g = [(#B);] (1.12), d = (d;) — BEKTOp OTHOCUTEIBHBIX OIEHOK
Heba3MCHBIX HepeMeHHbIX Ty = [(zn);] (1.16).

Ilaz 2. Bibparh HOAXOAILYIO HEOA3MCHYIO IEPEMEHHYIO (TN )q, H3Me-
HEeHUEe KOTOPOii B JIOIyCTUMOM HAIIPABJIEHUN yMEHBIAET 1eJIeBYI0 (hyHKHIO,
T. €. OTHOCUTEJIbHASA OIleHKa dy KOTOPOii IMeeT «HeNpaBIIbHBII» 3HaK. Heba-
3UCHAs TlepeMeHHast (£ ); CIUTAeTCsI MOAXOISAIIe, ecn:

d;j < 0u (xy); UMeeT aKTHBHYIO HIKHIOIO I'DAHHUILY;

d; > 0 u (rn); UMeeT aKTHBHYIO BEPXHIOIO I'DAHMILY;

d; # 0 u (xy); aBisteTcss CBOOOIHON (HEOrPAHMYEHHOI) IIePeMEeHHOM.

PukcupoBaHHbIC HEOA3UCHBIE EPEMEHHBIE HE MOTYT M3MEHSITHCS U IO-
9TOMY He BKJIIOUAIOTCS B YHCJIO TIOIXOJISIIINX.

Ecsu Beibop meBozmorken, To CTOII — Tekyiee 6a3ucHoe perrenue sB-
JISIETCST ONITUMAJIbHBIM.

Illaz 3. Oupenesiutb Opin — abCOIOTHYIO BEJIUUUHY TPUPAIICHUS BbI-
OpamHOii Heba3UCHOIT epeMeHHoM (T ), B cMexxHOM Gasuce (1.23).

Ecmm 0,1, = oo, To CTOII — JIII-3ama1a nMeeT HeOrpaHMIEHHBIN MUHUI-
MYM.

Hlaz 4. Ecim Oyin = 6, (1.21), T0o nomeTnuTh IepeMeHHyio (Tp), Kak
HEOA3KMCHYIO C AKTUBHON HUYKHEH MJIM BepXHEil IpaHUIeil B 3aBUCUMOCTH OT
BbIOOpa §; = ), (1.20), a mepementyio (), HOMETHTD Kak Oasuciyio. Eciu
xKe Opin = 0o (1.22), To UBMEHUTH TEKYIIIYIO0 AKTUBHYO IPAHUILY T€PEMEHHOi
(xN)q Ha IPOTHBOIOJIOKHYIO.

BepryTbesa k mary 1. B



1.4 TabanuHblii CUMIIJIEKC-METOT,

Tabauvunobill cumMnaexc-mMemod — 3TO BAPUAHT CUMILIEKC-METOIa, B KOTOPOM
JJIdd OIIpeaeJIeHUsI BCeX HeO6XOILHMbIX BeJIMYUH UCIIOJIb3YyeTCdA Ta6JII/II_La <,ZLBy—
MEPHBIIl MACCUB), COOTBETCTBYIOIIAsI TAK HA3BIBAEMOIT npeobpazosaniol (A
mexyweti) 3adaue.

IIpeobpasoBannas 3ama4da nosy4daercs n3 ucxoganoit JIII-3amaan mocpe-
CTBOM SKBHBAJIEHTHOTO JIMHEHHOTO IIPeobpasoBanust,’ KOTOPOe IPHUMEHIeTCS
JIJIsI TOTO, 9TOOBI SIBHO BBIPA3UTDH IEAEBYIO (DYHKIMIO U OA3UCHDBIE ITepEMeH-
Hple Uepe3 HeOa3UCHbIe IIepEeMEeHHLIE.

Tak, mus JIII-3agaau B dopmare (1.1)—(1.3) npeobpasoBannas 3aaua

uMeeT cJeyomnmit hopMar:

z=d" zn + dy — min (1.25)

rp=ZxN +g¢ (1.26)

lB < B < up (1.27)

In<zny <un (1.28)

rae rp — BEKTOp 6a3HCHbIX IIEpeMEHHbIX, ')y — BEKTOD He6a3I/ICHbIX I1e-

pPeMEeHHBIX, d — BEKTOp OTHOCHTEJBHBIX OIEHOK HEOA3MCHBIX IIEPEMEHHBIX
(1.15), dy — nocrosiHHbIi wieH npeobpa3oBaHHOl 1eseBoii dyukuu (1.17),
= — cummiekc-Tabsmna (1.9), g — npeobpa3oBaHHbIl BEKTOD MPABBIX YacTeil
orpanndenuit (1.10).

CymectBennass 0COOEHHOCTH TPEOOPA3OBAHHON 3aJIa49l COCTOUT B TOM,
9TO ee OCHOBHbIE KOMIOHEHTHI (d, dy, =, g) OTHOCSTCS K TEKyIeMy Oa3ucy,
[I0O3TOMY BCSIKMI pa3 IPH HePexo/jie K CMEXKHOMY 0a3ucy HeoOXOIMMO BBIIIOJI-
HSITh IIePEeCUeT STUX KOMIIOHEHT.

['maBHBIM IpENMYIIIECTBOM TaOJIMYHOTO CUMILIEKC-METO/IA SBJISETCS IIPO-
CTOTa €ro peajin3aliii, MOCKOJbKY BCs HeoOXomumasi HH(MOPMAITUS JOCTYII-
Ha B siBHOM Buje. 0 Ommako yis mpaxTmdeckoro pernennst JIII-3amaa tab-
JINYHBIN CUMILIEKC-METOJ] B HACTOSIIEE BPEMs IMOUYTU HE MPUMEHSIETCS B OC-
HOBHOM W3-3a €r0 HU3KOU BBIYUCIUTEIbHON 3(pHEeKTUBHOCTH, 0COOEHHO TIpU
pemenun paspexkeHHbIx JIII-3amad Beicokoil pa3mepnoctu. Hampumep, na
KaXKJ0# uTepanuu TabJIMIHOTO CUMILIEKC-METOMa HEOOXOIUMO BLITOJIHATH

9910 mpeobpasoBaHne, KOTOPOE MOMKHO BBIIOJIHATH, MCIONb3Ysl METOM HMCKIIOYEHUs
Taycca—2Kopaama, mpeacTasiseT coboif yMHOMKeHne B~! ciieBa Ha HCXOMHYIO MATDPHILY
kosbdumuentos orpanmyenuit (1.6) AIIT = (B|N), B pesy/IbTrare 4ero mOIydIacTCH MaT-
puria B~ (B|N) = (I|B™'N) = (I| — B), coorsercrayromas (1.26).

OHau6osee sipko sro mposiBistercst juist JIII-3a1a4 B crapgapraoM (opMmare, riae BMe-
cto rpanur obmero Buga (1.3) ucnosnb3yiorcs ycioBus HeoTpunaTeabHocT & > 0: B 9TOM
ciiydae Bce HeOA3WCHBIE IIepEMEHHBIE MMEIOT HyJIeBble aKTUBHbBIE I'PDAHUIIBI, [IO9TOMY TEKY-
mee 3HAYEHUE TEeJIeBOi (pyHKIMKM paBHO dp, a TEKYIHEe 3HAUEHUsT OA3UCHBIX TEPEMEHHBIX
PaBHBI 3JIEMEHTaM BEKTOPa ¢.
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repecyder BCell CUMILIEKC-TabIUIbl =, XOTsI JJjIsi BbIOOpa 6a3uCHOI IepeMeH-
HOI HY2K€H BCEro OJWH CTOJI0el] 3Toit MarpuIibl. [Ipu sToM maxke ecym ucxom-
Hasl MaTpUIa A sBJISeTCs JOCTATOYHO PAa3PEXKEHHOMN, 3aII0JIHEHIE CUMILIEKC-
Tabmnel = = —B~IN B obmeM caydae MOXKeT ObITh TOPa3/I0 BEIIIE.

B nacrosmmee BpeMst Hambojiee IMMUPOKO UCIIOJIL3YeTCs BAPUAHT, HA3bIBae-
MBI MOOUPUUUPOSAHHBIM CuMnAekc-memodom (M. caemytomuil pasen). B
9TOM BapUaHTe KOMIIOHEHTHI TPe0Opa30BAHHON 381a91 HE XPAHSITCI B STBHOM
BHU/ie, a BCe€ HMCIIOJIb3yeMbI€ BEJIMYIUHBI BBIYHUCJ/IAIOTCA TOJIBKO 11O Mepe HGO6-
XOJMMOCTH, YTO IIO3BOJISIET CYIIECTBEHHO IMOBBICUTH BBIYUCIUTEIBHYIO -
deKTUBHOCTb MeTO/a. TeM He MeHee, MOAUMPUITTPOBAHHBIN CUMILIEKC-METO/,
Tak>Ke MCIOJIb3YeT KOMIIOHEHTHI ITPeOo0PA30BAHHON 3a1a49M, [TO9TOMY NMEET
CMBICJT PACCMOTPETH 3J1eCh (POPMYJIbI TADJIMIHOI'O CUMILIEKC-METO/IA JIJIsI T1e-
pecueTa KOMIIOHEHT peobpazoBannoii 3aaa4n (1.25)—(1.28) npu nepexoze K
CMEXKHOMY 0a3UCy, HOCKOJIbKY 3TH (POPMYJIbl MOKHO HCIIOJIH30BATD JJIS BbI-
BoJia pOpPMYJI IIepecteTa IPYrux BeJIUUNH, CBI3aHHBIX C TEKYIIUM O0a3UCHBIM
peleHrneM.

YT006b!I yIIPOCTUTH BHIBOJ, YKA3aHHBIX (DOPMYJI, 3aMETUM, UITO CTPOKY IIe-
neBoit ynkmuu (1.25) MOXKHO paccMaTpUBaTh KaK CTPOKY CBOOOTHOI Hasmc-
HOIt nepemenHol (r5)o = 2. AHAJIOrUYHO, IPEOOPA30BAHHBIN BEKTOP IIPABBIX
qacTell OrpaHnIeHnu g MOXKHO pacCMaTPUBATL KaK CTOJIOEI] PUKCUPOBAHHOMN
Heba3uCHON 1epeMenHoil (2y)g = 1. D10 no3BoIsieT 00bEJUHUTH OCHOBHBIE
kommonenTsl (d, do, 2, g) B pacwupennyro cumnaexc-mabiuyy:tt

==@)-(* %) (1.29)

g Z=
a Takke 00beauHnTh pasencrsa (1.25) u (1.26) B 0HO paBeHCTBO:
g =Z"zN. (1.30)

Jomycrum, 410 GasucHast nepeMeHHas (TpR), CTAHOBUTCS HEGA3MCHOMN 1
3aHIMaeT MecTo Heba3UCHOl nepeMeHHOl (2 )y, KOTOPasi, B CBOIO OYepe/b,
CTAHOBHUTCsI OA3MCHON 1 3aHUMAaeT MecTO IepeMeHHOi (xp),. Hac marepe-
cy1oT (bOpMyJIBI ITepecdeTa JIEMEHTOB PACIIMPEHHON CUMILIEKC-TabInuIbl =
DU II€PEXOo/ie K CMEXKHOMY Oa3ucy.

Yro6bI BBIPA3UTH HOBYIO DA3UCHYIO MEPEMEHHYIO @p = (xn)q depes
HOBBIII HAG0pP HEOA3UCHBIX IIEPEMEHHBIX, BK/IIOUYAIOINI HOBYIO HEOA3UCHYIO
nepemennyio (zn), = (zp)p, Hpeobpasyem cHavana p-10 (BeyIILyI0) CTPOKY
cucrembl paseHcTs (1.30):

(zB)p = Z &pi(TN)j = Epg(Tn)g + Z &pi(Tn);)
j=0 J#q

1378 pacmmpennas CHUMILIEKC-TaBIIHIA, TPEICTABICHHAS B BHJE JBYMEPHOTO MACCH-
Ba, SBJISIETCS TOM OCHOBHOM CTPYKTYPOI JAHHBIX, KOTOPas UCIOIL3YeTCS B TaOJIMIHOM
CHUMILJIEKC-METO/IE.
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OTKY/Ia
(xn)q = 5 Z é’” ~ (1.31)
pq i#q

Uckmodnm renepb (2x)q U3 OCTAJIBHBIX CTPOK cucreMmbl paseHcTs (1.30),
Jutst 4ero mnojacraBuM (zn)q u3 (1.31) B Kazk1yIio i-10 ¢TPOKy (i # p):

(xB)i = gzg xN i = gzq($N + Zf@] $N
Jj=0 J#q
_ ?q Z &quy TN); + Z Eij(xn); = (1.32)
P4 J#q J#q
- ?q zp)p + Z <§w &ggpj> (ZN);-
pq i2q g

Koaddunuenrsr npu nepemennsix B pasercrsax (1.31) u (1.32) siBis-
[OTCST 9IEMEHTAMI HOBO PACIIUPEHHOI CHMILTIEKC-TabIHIpl 2 = (&) mns
CMEXKHOTO 6a3nca, BbIParKeHHbIE Yepe3 JEMEHTBI MCXOJHOW DACIIMPEHHO
CUMILTEKC-Tab/uIpbl =% = §;; Jula Tekymiero 6asuca. Takum obpas3oMm, HOTy-
qaeM cirejyromue (hOpMyJIbl Iepectera;

€pq ;q (1.33)

€ = Z] = —&polpir T# 4 (1.34)

&ig = gp = Epaliar 1 FD- (1.35)

§ij = &ij — &gfqm = &ij — Eiglpj = Cij +&igCpyr 1 # DI A q (1.36)

HyuneBasi crpoka paciupentoit cumiiekc-rabimist (1.29) coorsercrByer
cTpOKe 1esieBoil byHKImK B ipeobpasoBanHoii 3a1ade (1.25), 1. e. z = (z5)o.
[TosTomy bopmyiibl IepecdeTa OTHOCUTEILHBIX OIEHOK d; = §p; U IOCTOsIH-
Horo wiena dy = §pp coBnagaor ¢ dhopmynamu (1.35) u (1.36) npu i = 0:

_ d —
dg = i = &,yd0; (1.37)
_ dy&pi . .
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2 MomndunnpoBaHHBII CUMILIEKC-METO/,

Moodupuyuposanmoidi cumnaerc-memod [3, 4, 5| — 9T0 BapuaHT CHUMILIEKC-
METO/a, B KOTOPOM JJI BHIYHCJICHUS BCEX HEOOXOOMMBIX BEJIMYUH HCIIOJIb-
3yercsi MOJXOJIsIee IpeJicTaBleHne TeKyieil 6asucHoii marpunbt B (1.6),
nospossomee 3p@PEKTUBHO BLIIOIHATL OCHOBHBIE OIEPAIMH C 3TOH MaTpu-
neit (noxpasz. 2.1). B ommmuane or TabiInYHOrO CHMILIEKC-METO/A, (CM. IO/
paszz. 1.4), mpeobpasosamnmas 3amada (1.25)—(1.28), 3a nckmovenneM ee oT-
JEJIbHBIX KOMIIOHEHT, B fIBHOM BHJ€ HE XPaHUTCsA, ITO IIO3BOJIACT CYIIIEeCTBEH-
HO TOBBICUTH BBIYUCIUTEILHYIO 9 (MEKTUBHOCTD CUMILIEKC-METO/1a, 0CODEH-
HO IIpH pelleHuHd pa3peKeHHbIX JIII-3a1a4 G0JIbIIol pasMepHOCTH.

2.1 PakTopusalus 6a3MCHOI MaTPUIIbI

[Tpencrasmenne Tekyieit basucHoit MaTpuilbl B, ucmoabsyemoe B Momudu-
[UPOBAHHOM CUMILIEKC-METOJIE, OOBIYHO (XOTsI U He 00sI3aTeIbHO) UMeeT BUJ
MaTpu4dHOil pakTopu3aluu, rje B npejcraBieHa B BUJE IIPOU3BEIEHNs MaT-
PUIL CHENHATBHON cTPpYKTYphL 2 [09TOMYy yKazaHHOE MpPe/ICTABICHAC HA3BI-
BaeTCsd B JajbHeHeM gakmopusayuets 6a3ucHot Mampuybt.

C TouKM 3peHusi CUMILIEKC-METO/Ia BUJ KOHKPETHOH (rakTopu3auu ba-
3UCHOI MaTPHUIIBI SIBJISIETCSI HeCyIecTBeHHOW. OHAKO IIPEIIoIaraeTcs, ITo
HCIIoIb3yeMasi (pakTopusarms obecreanBaeT 3(hHEeKTUBHOE BLIIOJTHEHUE CJIe-
JYIOIIUX YeThIPEX OCHOBHBIX OTIePaIiuii:

1. Hauanavroe evivucaerue gaxmopusdanyuy. VIcXoqHbIMu JTaHHBIMU 3TON
omnepaIyu ABJAeTCd 3ajannas marpuna B. PesynbraToMm dBjIsieTcst BHIYHC-
JienHast haKTOPU3aIUs ITOW MATPUIIDL.

2. Ilpamoe npeobpasosarue (FTRAN). Dra oneparysi npeJCcTaBisieT co-
6oit pemenue cucreMbl Bx = y (WIu, 9TO TO JKe caMoe, BBIUUCIEHIE BEKTOPA
r = B~'y) nna sagamnoro sekropa .13

3. O6pammnoe npeobpasosanue (BTRAN). Dra onepanus mnpejcrapiser
coboit pemenne cucrembl BTx = gy (mmm, 9TO TO e caMoe, BBIYHC/ICHHE
BexTOpa = = B~ Ty) 118 3aaHHOIO BEKTODA. ¥.

4. Ilepecuem daxmopusayuu nocae 3amenv. cmoabya. VIcXomabiMu JaH-
HBIMU 3TOH olepaluu sBjisieTcsd (GaKTOPU3alus TeKyIeit MaTpuibl B u 3a-
JIAHHBIN BEKTOP, KOTOPBIN 3aMeHsIeT HEKOTOPLIN CTOJI0eI B TEeKyIIeil MaTpu-
1le, 9TO JaeT HOByIO Marpuily B. PesymbraToM omeparuu siBisercs (hakTo-
puzaIus HOBOH MaTpUIL 5.

Hpumevarnue. Koukpernas peajusaiius pakTopusamnyu 6a3ucHOR MaTpu-
16l OOBIYHO OIPAHUYUBAET YUCIIO TIepecdeToB dhakTopusanun (HalpuMep, He
6osiee 50 wiu 100), 9T0 06YCIIOBIEHO, B OCHOBHOM, TEXHUIECKUMU TIPUINHA~
MU (HAKOIUIEHNE BBIUUCIUTE/IbHBIX [IOIPEITHOCTEN, IeperoTHeHne MacCHBOB,
gpe3MepHoe 3aroJiHenue, u T. 1.). OJHAKO 9TO OrpaHUYCHUE HE SIBJISETCSI

2T pumepoM bakTOpH3AIMN MOKET CIIy?KHTH TPEYTOJIbHOE PA3JIOXKEHHE.
1331ech © 1 y — 9TO MPONU3BONIBHEIE BEKTOPHI, HE CBsI3aHHbIE ¢ JIII-3a1adeii.
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KPUTHIECKUM JIJIsi MOJIUDPUITTPOBAHHOTO CUMILIEKC-METO/Ia, TaK KaK BCErja
nMeeTcd BOSMOXKHOCTH BBIIIOJTHUTH HaYaJIbHOE BBIYUCJICHUE Cba.KTOpI/I:SaL[I/II/I.

Peamuzarus dakropuzaiuu 6a3uCHON MATPHUITHI IPAKTUIECCKH HE CBsI3a-
Ha C peajin3alyeil CUMILIEKC-METO/1a U MPEeJICTaBJIsIeT cODOI CaMOCTOSITE b~
HYIO IIPO0JIeMy, KOTOpas 3/eCh He 00CYZKIaeTCH.

B zaksouenune paccMorpuM GopMysIbl Ipeodpa3oBanus 0a3UCHON MaT-
PHUIIBI TP 3aMeHe cToJIONna. DT POPMYJIbl He 3aBUCHT OT BUJA KOHKPETHOMN
daxkTOpU3aNUN U IOITOMY UX MOXKHO HCIIOJIB30BATh JIJIsI IIepecdeTa IPYTuX
BEJINYNH, CBSI3AHHBIX C OA3MCHON MATPHUIIEH.

Urak, mycTs p-it crosiber; Marpuiibl B 3aMeHSIeTCsi CTOJIOIOM U, B PE3YJib-
TaTe Wero IoJydaercs MaTpuia B.

Tak kak B — HEBBIPOXKJIEHHAsT MATPHUIIA, TO UMEET MECTO PABEHCTBO

B'B=1 (2.1)
Ounpenenum marpuity H ciemyromuMm oOpa3oM:
B™'B=H. (2.2)

[Tockosbky B oTiimdaercst OT B TOJIBKO p-M CTOJIOIOM, TO U3 COIOCTABICHUS
(2.1) u (2.2) crenyer, uro H ormvaercst or eMHAIHON MaTpuipl I Takxke
TOJIBKO P-M CTOJIOIIOM U [IO9TOMY MMEeT BUJI:

1 hap

rae p-it cronbery sroit marpuisl Hy, = (hjp) yIOBIETBOPSIET PABEHCTBY
B~ = H,. (2.4)

Ymuozxkasi caeBa B Ha 0b6e 9acTu paBeHCTBa (2.2), MOIyINM OCHOBHYIO (hop-
MyJly IIpeodpa3oBaHusi 6a3UCHON MaTPHUIIBL:

B = BH. (2.5)

DopmMmysibl Tpeodpa30BaHUSI )i OOPATHBIX MATPHUIL HEIIOCPEICTBEHHO CJIETY-
10T u3 (2.5):
B '=H'B, (2.6)

B '=pTHT, (2.7)
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rue

1 _hlp/hpp

I - pfl,p/hpp
H'= 1/hpp : (2.8)

o p+1,p/hpp 1

_hmp/hpp 1

(Takum obpaszom, MaTpuna B 6y1eT HeBBIPOXKICHHOI TOILKO B TOM CIIydae,
€CJIN IHArOHAJIBHBIN 9JIEMEHT Ny, MaTpuilbl H OTINYeH OT HyJIs.)

IIpumenarue. Paccmorpennbie (hOpMysIbl MOXKHO HCIOJIB30BATD IJIsT JI0-
CTATOYHO TPOCTON peasym3anuu (HPAKTOPU3AINKA B BUJE TaK HA3BIBAEMOTO
«ama-gaiinay |4, 6]. B aroii peasmsanun Tekyas 6asucHas Marpuna B xpa-
HUTCSL B CJIEIYIONEM (paKTOPU30BAHHOM BHU/IE:

B = BoH, ... Hy, (2.9)

e By — HavajbHasi Oa3ucHasi Marpura (T. e. IMOC/Ie BBIIOJTHEHUST Olepa-
u BeraucaeHust dakropusamuu B = By), npejcTaBieHHast B MOXOISIIEM
akTopuzoBaHHOM Bujle (HAIpPUMED, B BUJE OOBIYHOIO TPEYIOJILHOTO Pa3-
JIOXKEHUsT), MO3BOJIAoNeM 3hMEKTHBHO pelaTh CUCTeMbl Buja Bor = y u
Blz =vy; Hy, ..., Hy — marpuns suja (2.3), OTpazaromniye 3aMeHy CToj6-
0B B By 1 XpaHuUMBIE B BUJE II0OCTEI0BATEIbHOTO (daiira (MaccuBa), Ha3bI-
BaeMoro «dra-aitin» (tak kak Oyksa H 1moxoxka Ha I'DeYecKylo «dta»). U3
(2.9) crenyer, uro:

v=B"ly=H ' . H'B;'y, (2.10)

T. e. oneparuio FTRAN M0KHO BBITOJIHUTE, peliasi BHaYaJe CUCTEMY C MaT-
puneit By u 3aTeM nocsegoBaresibao ¢ Marputiamu Hy, ..., Hy («3ra-daiin»
[IPOCMATPHUBAETCS B IPSIMOM IOPSJIKE, OTKY/a HA3BAHUE OIEPAIINHA — IIPAMOE
upeobpaszosanue). Tpancrnonupyst 0be yactu dopmyisr (2.10), momyanm:

v=BTy=B"TH"...H Ty, (2.11)

1. e. onepannio BTRAN MOXKHO BBIIIOJIHATE, pellias I0C/Ie0BATEILHO CUCTE-
MBI C MaTPHUIAMU HkT, o, H ip U 3aTeM C MaTpuiei BOT («aTa-daitny mpo-
CMaTpPUBAETCsI B 0OpaTHOM IOPSIIKe, OTKY/a Ha3BaHUE OllepaIil — 00paTHOe
npeobpasosanue). Hakoner, onepaiusi 3aMeHbl CTOJOIA TIPEJICTABIISET CO-
0oit BeI4mCIIeHNE U obaByieHne o4depeiHoil MaTpulibl Hy 1 K dhakTopusann
(2.9), T. e. B KOHer «3Ta~-daiinay. (Ormernm, uro Jyist hakTopusanuu By Tax-
JK€ MOYKHO HCIIOJIB30BAaTh «3Ta~-(Pailyi», MOCKOJBKY JTIOOYI0 HEBBIPOXKIEHHY IO
MAaTPHUILy MOYKHO IOJIYIUTh, ITOCAEI0BATE/IHHO 3aMEHAA CTOIOIBI € UHITHON
MaTpPUIIBL. )
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2.2 OcHOBHbBIE onepanuu

Ananus npuHININAILHON CXeMBbI CHMILIEKC-MeToa (cM. moapas. 1.3) mos-
BOJISIET BBIJICJIUTH CJIEJLYOIINe OCHOBHBIE OIIEPAIMH, KOTOPbIe HEOOXO/MMBI
upn pentennn JII-3amaan (1.1)—(1.3) MoauQUIUPOBANHBIM CHMILIEKC-Me-
TOJIOM.

1. Bwouucaenue snauenuti basucnor nepemenmvix [ = (f5;). Bekrop S
HEOOXO/IUM JIJIs1 OIIPE/ICJICHUs BeJMIUHBL Onyin (1.23), 1. e. jy1st BeIGOpa 6asuc-
HOIT IIepeMeHHOil, KOTOPYIO CJIeyeT NCKIIOUYNTD n3 ducia OasucHeix. Kpome
TOrO, 9TOT BEKTOP BMECTE C BEKTOPOM AKTHBHBIX I'DAHHUIL (T. €. TEKYIIIX 3Ha~
YeHUil) HeOA3UCHBIX IIEPEMEHHBIX [ OlpejiessieT TeKyIIee J0IyCTUMOoe 6a3HCc-
noe pemrerne (1.11). U3 (1.12) ciemyer, 9T0 BEKTOP /3 MOYKHO BBIUHC/IUTD,
ucnosis3yst onepanuio FTRAN (em. mogpasz. 2.1), no dopmyire:

B=B"1b-Nf), (2.12)

rje b — BekTOp npaBbix vacreii orpanmdenuii (1.2), N — marpuna (1.6),
COCTaBJIEHHASI W3 CTOJIOIIOB MATPHUILI KO3 duimenTos orpanndennit A, co-
OTBETCTBYIONIUX HEOA3UCHBIM ITIEPEMEHHBIM X .

2. Buwucaenue cumnaekcuor muoscumenet m = (m;). Bekrop m HE0o6-
XOJUM JIJIsl BBIYHMCJIEHUsI OTHOCUTEBLHBIX OIEHOK HeDA3UCHBIX IIePEMEHHBIX.
DTOT BEKTOP MOXKHO BBIYHUCJINTD, ucnoJib3dyst oneparuio BTRAN (cm. mos-
paszj. 2.1), o dbopmyse (1.16):

m =B Tcp, (2.13)

rIe cg — BEKTOP KO3 DUIIMEHTOB I1e1eBOil (DyHKIMK pru OA3UCHBIX ITepe-
MeHHBIX T (1.4).

3. Buivucaenue omuocumenvnvir ouenor d = (dj). Bekrop d Heobxoaum
JIIsE BBIOOpaA HEDAZUCHON IIEpEMEHHO, KOTOPYIO CJIeIYET BKJIIOYUTH B UUCJIO
6a3uCHBIX. DTOT BEKTOP MOYKHO BBIUUCIUTH 110 hopmysie (1.15):

d=cy—NTr, (2.14)

CN — BEKTOpP K03 PUIMEHTOB 11e/1eBoi (DyHKIMHU TP HEOA3UCHBIX II€PEMEH-
ueix £y (1.4). Bamerum, uro ykazaHHasi (pOpMyJIa M03B0JseT 3(DHEKTUBHO
BBIYUC/ISAITH OTHOCUTEIbHBIE OINEHKHU OTIE/JbHBIX HEOA3WCHBIX IIEePEMEHHBIX.
Ilycrs (xn); = ) — HekoTopast HebasucHas nepemenHas. Torga ee orHOCH-
TeJIbHAA OLEHKa eCTb d; = ede, rje ej — j-it cronber e IMHIIHON MaTPUILLL.
[TosTomy:

d; = e;‘»FcN - e;‘-FNTﬂ' = (en)j — NjT7r =cp— Aln, (2.15)
rie (cn) j = cx — Koaddunuent nenesoit Gynknun u N; = Aj — croubers

MaTPHUIBl KO3(DPUIMEHTOB OrpaHndeHunil, COOTBETCTBYIOINE HeOA3UCHOI 11e-
peMeHHoOil (TN ) = T
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4. Buvucaenue cmoabya cumnaerc-mabauyst Zq = (&q), KOTOPBI COOT-
BETCTBYeT BBIOpaHHOI HebGa3MCHOI nepementoit (ry)q. Bexrop-crosber 2,
COBMECTHO C BEKTOPOM TEKYIIUX 3HAYCHUI OA3UCHBIX MEPEMEHHBIX [ HE0D-
XOJIUM JIJIs OLPeJIesIeHNsT BeJInInHbl Opiy (cM. Bbimie). Tak Kak Ey = Eegy, 110
eq — @-it crosber exuHIaHON MaTpuipl, To u3 (1.9) ciaemyer, aro crosber =,
MOXKHO BBIYUCJIUTE, UCIIOJIb3yst oneparuio FTRAN, o dpopmyie:

=,=—-B 'Ne,=-B"'N,, (2.16)

riae Ny — cronber MaTpuIbl KO3 OUIIEHToB orpanndennii A, COOTBETCTBY-
fomuil HeOA3MCHOI IIepeMeHHon (T ).

5. Ilepexod x cmeocromy 6a3ucy. JTa Onepalnsi COCTOUT B 3aMEHE CTOJIO-
na B, Tekymeil 6asucnoit marpunpl B cronbrnom N, Tekymeit marpunst NV,
IJie UHIEKCHI P U ¢ OUPEIENISIOTCs BLIOPAHHBIME Oa3ucHOW (xp), u HEOa-
3UCHOIL (2 ) HEPEMEHHBIMU, B PE3yJIbTaTe Yero IIOJIydaeTcsl HOBas Oa3mc-
Hasl MaTpUIla B, COOTBETCTBYIONIAs CMeKHOMY 6a3ucy. 11ocKobKy 6a3nucHast
MaTPHUIA HE XPAHUTCS sIBHO, & MCIIOJIb3yeTCs ee (PAKTOPU3AIMS, TO BBIIOJI-
HEHUE JaHHOW OIepaliii CBOJAUTCS K Iepecuery akTopusanuu 06a3MCHON
Marpunsl (eM. moapasm. 2.1).

Bcee nepeunciiennbie onepaiuy JI0MycKaoT 3P@MEKTUBHOE BBIIOJHEHHE,
ecsin MaTpuIa K03 hUIIeHTOB orpanndenuit A nocTymHa 1o croaomnanm.

B sakimrouenne oTMeTHUM, 9TO €CJIM MPUIACPKUBATHCS ITPUHIIMITHAILHON
CXEMBI CUMILIEKC-METO/Ia U3 mopas3s,. 1.3, To KaxKgasi nrepariusi MOIu(uIim-
POBAHHOI'O CUMILIEKC-METO/Ia TpebyeT BbinosiHeHus JiByX oneparuiit FTRAN,
onuoii onepariun BTRAN, u onHoro nepecuera gpaxropusauu TeKyeil 6a-
3UCHOI MaTPHUIIHI ITOCJIE 3aMEHBI CTOJIONA.

14Pa3nwme MeXK/J1y CTPOYHBIM U CTO.TI6I_LOBI)IM IpeacTaBJICHUAMA MaTPHUIIbI ABJIAE€TCA Cy-
HIECTBEHHBbIM TOJIBKO €CJIN JIJIs1 XPpaHEeHUud MaTPHUIIbl UCIIOJIb3YyeTCA pa3pe)KeHHbII7I (I)OpMaT.
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2.3 Ilepecuer KOMOOHEHT 0A3UCHOIO peEIIEHUS

[Ipu pemennn JII1-3ama9 60JIBIION PA3MEPHOCTH YUCJIO UTEPAIUIl CUMILTIEKC-
MeTOJa MOXKEeT JOCTHUI'aTb JECATKOB W COTEH TbhICAY. HOSTOMy JJId IIOBBI-
IIEHUS BBIYUCIUTETbHON 3 dDEKTUBHOCTH MOIUMUIMPOBAHHOIO CHMILIEKC-
MeTOJla Ha KarKJ[0i NTeparuyi BMECTO IMPSMOTO BBIYHUCJIEHNS] OCHOBHBIX KOM-
noHeHT Oa3ucHoro perrenns o ¢gopmytam (2.12), (2.13) u (2.14) Bbiroguee
BBIMIOJIHSTD UX [IEPECUET, T. €. UCIIOJIH30BaTh N3BECTHDIE 3HAUEHHST STHX KOM-
IIOHEHT B TEKYIIEM 0a3uce Jijist BBIYUCJIEHNs UX 3HAYEHN B CMEKHOM Dasuce.
3/1ech HEOOXOIUMO OTMETHUTb, YTO IMOJ0OHBIN MepecyeT Heu30eKHO COIPO-
BOXKTaeTCAd HaKOILJICHUEM OH_II/I6OK OKpYIJVIEHHU A, TTO9TOMY BpEMA OT BpeEMe-
HU CJIeJIyeT UCIOJIb30BATh MPSIMOE BBIYUCICHUE STHX KOMIOHEHT (Halpumep,
BCSIKHI pa3 Mocjie HAYaJbHOTO BBIYHUCIEHUS (DaKTopu3aIun 0a3MCcHON MaT-

DHIIBI).

ITepecuer 3nauenwuii 6a3ucHbIx nepeMeHHbix 5 = (f;). Ilycrs mepe-
MeHHast (ZR)p BHIXOAUT U3 6asnca Ha CBOIO aKTHBHYIO rpanuiy ¢t = (Ip), win
t = (uB)p, a mepemenHas (xy)q Bxomur B 6a3uc. Tak kak ocrajbHble Heba-
3UCHBIE TIEPEMEHHbBIC HE U3MEHSIIOTCS, TO BEKTOP NPUPAIEHUI HeOA3MCHBIX
MTePEMEHHBIX TIPH TTePeXojie K CMEKHOMY OA3UCY eCTh

Azy = A(zN)qeq, (2.17)

rae A(zy), — UpHUpalienue mepeMeHHoit (zy )y, eq — ¢-it cTober eIuHmd-
Hoii Marpuipl. 13 coorHomenust (1.8) ciemyer, 4T0 B 3TOM Cilydae BEKTOD
IpHUpAIeHnii Ga3MCHBIX MEePEMEHHBIX PABeH

Axp =EAzn = A(zn)Zeq = A(zN)qEq, (2.18)

rje 24 = (giq) — @-ii crosiberr TeKyIeil cuMILIeKC-Tabymibl. B yacTHOCTH,
JIJIsT OTIEJIBHON Oa3MCHON TepEeMEHHONl NMeeM:

A(zp)i = &igA(TN)qg- (2.19)
Bnast mpupaienne nepeMeHnoil (£g),, KOTOPOoe, OIEBHIHO, PABHO
A(zp)p =1t — By, (2.20)

rae 3, — 3HaYeHue ITO epeMeHHOil B TeKyIeM Oasmuce, u3 Gopmysst (2.19)
IPHU { = P CJIeJIyeT, YTO COOTBETCTBYIOIIee IPUPAIIEHIe IepeMeHHOH (TN )q

pasuo!®

A(zp)p _ t— Bp'
Epg €pg

15HOHS{THO, YTO €CJIU BBIOOD MEPEMEHHO# (5 )p BBIIOJIHSIICA HA OCHOBE BEJIMUUHBI Omin
(cM. DPUHIMIMAJIBHYIO CXEMY CHMILIEKC-MeToa, noapas. 1.3), 1o A(xn)q = SOmin-

Alay), = (2.21)
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A Tak Kak B cMexxHOM basuce (), 3aHEMaeT MecTo (R)p, TO

By = fq+ AlrN)qg, (2.22)

rie f; — aKTUBHAsI IDaHUIA IEPEMEHHON (2 )q B TeKymeM basuce. Ocrasb-
Hble Oa3MCHbBIE ITEPEMEHHBIE OCTAIOTCA DA3MCHBIMU B CMEXKHOM 6a3uce, I0ITO-
My u3 (2.19) caemyer, aro

B; = Bi + A(zp)i = Bi + &igA(n)g, @ # P (2.23)

B crmenmanbHOM cirydae, KOrja B CMEXKHOM 0asuce IepeMeHHas (T )q
HepexouT CO CBOEl TeKylleil aKTUBHOU I'DAHUIBI HA ITPOTUBOIIOJIOXKHYIO,
JIUIsl OLPEJIeJIeHUsI TIPUPAIIEHUsT STOil 1lepeMeHHoil BMecTo (opmysbl (2.21)
CJIEJyeT MCHOIb30BaTh (POPMYITY

A(zn)q = sl(un)q — (In)ql, (2.24)

rae s = +1, ecin ()4 Bo3pacraer, wm s = —1, eciu (zy), yoeBaer. Ilpu
9TOM 3HAYEHUS GCex OABUCHBIX IMEPEMEHHBIX [TePECIUTHIBAIOTCS 110 (hOpMyJIe
(2.23).

UcnosnbzoBanue Gopmyn nepecuera (2.22) u (2.23) 103BoOJsSET CIKOHO-
MuTh onHy omepanuio FTRAN Ha kaxkmoil mrepanun MOIUPUIMPOBAHHO-
IO CUMILIEKC-METO/I&, MOCKOJIbKY UCIIOJIb3YEMbI B 9TUX (hOpMYJIax cToJ0err
CHUMILTIEKC-TAOJIHIBI =, yKe OyIeT BeInciieH panee (OH Tpebyercst [Ist ompe-
JIeJIEHUs] BEJTMIUHBI Opyip ) -

Ilepecuer oTHOCHTENBHBIX OLEHOK d = (d;j). Popmyisl Iepecyera OT-
HOCHUTEJIbHBIX OINEHOK HEOA3WCHBIX MepeMEHHBIX — 3T0 dbopmymsl (1.37) u
(1.38) (cm. mogpazs 1.4):

- d
dg = -+, (2.25)
qu
8j =dj — fpjatb J#q (2.26)

3aMeTnM, UTO B CIENUAIbHOM CIydae, KOrjga B CMEeXKHOM Hasuce HebasnucHast
HepeMeHHast (2 )q EPEXOUT CO CBOEl TeKyIeil aKTHBHOI IPAHUIIBI Ha IIPO-
THUBOIOJIOXKHYIO, 6Ce OTHOCUTE/ILHBIC OIIEHKH, BKJIIOYasA ONEHKY (g, OCTAIOTCS
HEUSMEHNDIMU.

IIpumenarue. Tak Kax mepecdeT COMPOBOXKIACTCS OIMINOKAME OKPYTJIe-
HUsI, TO TIepE]T BHIYUC/IEHUEM Eq 1o dpopmyiie (2.25) 1es1ecoobpasHo UCTIOIB30-
BaTh yKe BBIMHCICHHBIN cTOI0eI 2, TeKyIei CuMILIeKC-Tab/IuIIbI JJId Tps-
MOro, a 3Ha4uT, O0JIee TOYHOIO BEIUUC/IeHUs dy B TeKyieM Oasuce. [Tockosb-

Ky dg = egd, rje eq — ¢-# cTonbern eJMHUYHON MaTPHUIIBI, TO HEOOXOAUMAs
T

4 Ha obe wacru pasencrsa (1.15):

dopMyJia MoJIydaeTcst yMHOXKEHIEM CJIEBA €
dq = (CN)q + EgCB. (2.27)
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J1s1 IepecdeTa OLEHOK 0 yKa3aHHBIM (POpMysaM TPeOyeTcs: p-si CTPOKa
cumtutexc-Tabinmet &, = (£,;) B Texymenm 6azuce. Tax kak &, = Ele,, rue
ep — p-it crosben eauHmYHOM Marpuipl, To u3 (1.9) ciaeayer, 4T0 BeKTOD &)
MOZKHO BBIYHCJIUTD 110 (hOpMyIIe:

& =—-NT'BTe,=-NTp, (2.28)

IJIe BEKTODP p €CTh P-si CTPOKA 06paTHOH Marpuisl B!, KOTOPbI MOXKHO
BBIUHCJIATH, UCIOJIBb3YsI omneparmio BTRAN:

p=DBTe,. (2.29)

CpasuuBas dbopmysisl (2.28) u (2.29) ¢ popmyraMu IpsIMOTO BBIIHCICHUS
oneHoK (2.13) u (2.14) MOYKHO 3aMETHUTb, UTO OHU UMEIOT HJICHTHYHYIO CTPYK-
Typy, ¢ mosTOMY Ha IIepBBIil B3IUIS T IepecueT OTHOCHTEIBHBIX OIEHOK He [03-
BOJISIET MOBBICUTD 3D (DEKTUBHOCTH BBIYUCICHUHN 10 CPABHEHUIO C UX HPSIMbIM
BorancsieareM. OJTHAKO, B OTJIMYNE OT BeKTOpa ¢p B hopmyrie (2.13), BekTop
€p ABJIACTCA eJIMHIIHBIM BEKTOPOM, IIOSTOMY MOXKHO OXKHJIATh, YTO BEKTOD
p Oymer Gojiee paspesKeHHBIM, YeM BEKTOD 7. DTO, BO-TIEPBBIX, MOYKET yBe-
ananThb 3bdekruBHoCcTh BbinosHenus onepaiun BTRAN (uro, koneuno, 3a-
BUCHUT OT UCIIOJIb3yeMoil (hakTopusalmu 6a3ucHoil MaTpurs). 1 Bo-BTOpBIX,
Pa3pEeKEHHOCTh BEKTOPA 0 MOXKHO HCIOJIB30BaTH it 6osiee 3hdHeKTUBHO-
ro BeluuCaeHus crpoku §p. llociennee obcTosITEILCTBO 00YC/IOB/IEHO TEM,
YTO TPOU3BE/IEHNE MATPHUIIBI HA BEKTOP MOYKHO BBIMHCJIATH JABYMsi CIOCODA-
MH: KaK CKaJIIPHBIE [IPOU3BEIEHNST CTPOK MATPHUIBI HA 33JIAHHBIA BEKTOP U
KaK JUHEHHYI0O KOMOMHAIMIO CTOJIOIOB MaTpuilbl. IlepBolit crrocob He 103-
BOJISIET yUIEeCTh Pa3peKeHHOCTh 3aJaHHOTO BEKTOPA, HO MPU UCIOJB30BaAHUT
BTOPOI'O CIIOCOOa MOYXKHO MPOILYCKATh T€ CTOJIOIBI MATPHUIIBI, KOTOPBIM COOT-
BETCTBYIOT HyJIEBBIE 3JIeMEHTHI BeKTopa. [Ipumenuresbao K dopmyiie (2.28),
re croabuamu N7 sBisiorest crpokn Marpuinl N, BTOpPOil CLocod 03HAYAeT,
YTO BEKTOD &), BBIUHCIACTCH KaK JIMHeliHasg KoMOMHANUs CTPOK MaTpuIbl N :

m
&=—-NTp=— Zpi (1-s1 crpoka Marpuiel N). (2.30)

i=1

Ddderrusnoe ucnosnbzosanne Gopmysbl (2.30) BO3MOXKHO JIUIIL B TOM
ciydae, Korja Marpuiia N JoCTyIHA 110 cTpokaM. [1osToMy BO3HHKaeT Tex-
HUYecKas 1pobjieMa, TaK KakK CTaHJApPTHBI BapUaHT MOIUMUITPOBAHHOTO
CHUMILIEKC-METO/Ia MIPEeIIoJIaraeT XpaHeHne B SSBHOM BHUJIE JINIIb MATPUIIBI KO-
s durmenToB orpannaeHnii A B paspexkenHoM cTos1010BoM hopmare (a Tak-
ke 6asucHoit MaTpuibl B B hakTOPU30BAHHOM BUJIE).

16310 cBsI3aHO C TEM, UTO P-I0 CTPOKY CHMILIEKC-TaO/IMIBI MOYKHO PACCMATPUBATH KAK
CTPOKY OTHOCHUTEJILHBIX OIEHOK HEOA3MCHBIX MEPEMEHHBIX JIJIs TeIeBOi (DYHKITUH, TIe KO-
s dbunuent npu 6a3uCHOl epeMeHHOl (X B), PABEH €IUHUIE, a KOIDMOUIUEHTHI IPH BCEX
OCTaJIbHBIX [IEPEMEHHBIX PABHBI HYJIIO.
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st perenust ykazanuoit npobsemsr P. Bukcou (R. E. Bixby) [7| upes-
JlaraeT XpaHuTb MaTpuily N B pasperKeHHOM CTPOYHOM opMaTe. 3aMeTHM,
qro maTpura N U3MeHsieTCs Ha KaXKJI0H UTepaIuu, Mo3TOMY BCSKUN pa3 1o-
cle mepexojia K cMexkHoMy Oasucy craphblit crosder; Ny, COOTBETCTBYIOMIUI
BBIOpAHHON HeOA3UCHON IIePEMEHHOI (X )4, CIIe/lyeT 3aMeHsITh HOBBIM CTOJIO-
oM Ay, COOTBETCTBYIOMUM BBIOPAHHOI OA3UCHOIT IIepeMeHHol (ZB), = Ty
Tax kak N XpaHUTCS 110 CTPOKAM, TO JJIsi 3TOrO CHAYaJIa HYKHO ITPOUTH 110
HEHYJIEBBIM JIEMEHTaM CTAPOro CTOJIOIA, KOTOPBIA JOCTYIIEH KaK COOTBET-
CTBYIOITHH CTOMOEIT MATPUIIBI A, yIATUTEL 9TH 3JIEMEHTHI U3 CTPOK [V, TTocIe
Yero MpoNTH IO HEHYJIEBBIM 9JIEMEHTAM HOBOTO CcTOJIONa Ap 1 106aBUTEL 3TH
s;temeHTol B cTpoku N. Io Beeit BuaumocTn TexHuky BukcOu nmeer CMBICT
MPUMEHSATH B TEX CJIYUYaAX, KOTJIa OOJIBIMTHHCTBO CTOJIOIOB MATPUILI A sBJIs-
IOTCSI JIOCTATOYHO PA3PEKEHHBIMU (UTO SIBJISETCS THIMYHBIM J1JIst OOJIbIITIH-
crBa peanbubx JIII-3amaq).

B kadecTBe KOMIIPOMECCHOIO BapHaHTa BMECTO XpaHeHHsT MaTpuilbl N
MOYKHO XPAHUTh JAyOJIUKAT MATPUTIBI A B pa3peKeHHOM CTPOYHOM (ropMaTe.
DT0 JlaeT MPENMYIIECTBO 110 CPABHEHUIO C TEXHUKON BUKcOM, TOCKOJIBKY MaT-
puria A ocTaeTcs HeM3MEHHOI MTpH mepexo/ie K cMeXHoMy 6asncy. OiHako B
9TOM CJIydae HelOCPEeJICTBEHHOE UCTIOIb30Banue (hopmMyiibl (2.30) okasbiBaeT-
ca HeBO3MOKHBIM. [ToaToMy BMecTO BbIYHMCIEHHA BEKTOpPa ), KaK JIMHEeHHO
KOMOMHAIMM CTPOK Marpunbl N IpejjiaracTcs BBIMUCIATH BEKTOP (v KakK
JINHEHHYT0 KOMOMHAITNIO CTPOK MaTpHILl A:

m
ap=—Alp=— Z pi (i-s1 crpoka MaTpuIsr A). (2.31)
=1

[TockobKy cTosOIBl N ABJIAIOTCS TOJIMHOYKECTBOM CTOJIONOB A, TO UCIIOh-
3yst coorHorrenue (1.6) TpebyeMblit BEKTOP &, MOXKHO COOPATh M3 COOTBET-
CTBYIOIIUX 3JIEMEHTOB BEKTOPA (. 3aMETHM, YTO IIPU BBIYUCJICHUN JIHHE-
HOM KOM6I/IH&HI/H/I (Xp BBIUYUCJIAIOTCH «JIUITHUE» SJIEMEHTHI (COOTBeTCTByIOH_[I/Ie
cronbram Marpuisr B),'7 mostomy sdbdexTusnocts dopmyasr (2.31) crm-
JKAETCS ¢ POCTOM YHCJIa HEHYJIEBBIX 9JIEMEHTOB BEKTOpPa p. B CBA3M ¢ 9TUM
ucrosb30BaTh dopmyiay (2.31) mpemaraercst JUIIb B TeX CIydasx, KOTIa
3aIl0JIHEHUE p He O4YeHb Besquko (ckaxkeM, He Gosiee 10%), a B ocTabHBIX
CJTydasX BBIYHCIATH 3JIEMEHTEI BEKTOPA &, KaK OOBIYHBIE CKaJIAPHBIE TPOH3-
BeJeHust cToab61oB N Ha BEKTOD p.

Y rpMu «smmEIME> S1eMeHTaMI GyilyT, OUEBHIHO, JJIEMEHTHI €JMHUYHOIO BEKTODA
ép, TaK Kak u3 ¢opmyinst (2.29) ciemyer, 4ro BTp= ep.
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3 Bpibop Heba3ucHOIT TIepeMeHHO

B cooTBeTrcTBUM ¢ TIPUHINNHAIBLHON CXeMOH CHMILIEKC-METO/Ia, PACCMOTPEH-
HO#T B KOHIIEe TIogpa3. 1.3, Ha mare 2 Tpebyercs BhIOpATDH IMOIXOISIIY 0 Heba-
3UCHYIO IIEPEMEHHYIO (T )q, U3MEHEHIe KOTOPO B [OIyCTHMOM HAIIpaBJie-
HIHI TIPUBOJIAT K yJIyHIIeHIo (yMenbIenno) rnejesoit dynxmum. '® C reomer-
PUUECKOl TOUKHU 3peHus BLIOOD HEOA3UCHOI TEPEMEHHON COOTBETCTBYET Bbl-
60py pedpa MHOTOIPAHHOI'O MHOXKECTBa JoiycTuMbix perennii JIII-3a1ax1m,
UCXOJSAIIETO W3 TEKYIIEH BEPIIUHBI, BJOJIb KOTOPOT'O UMEET MECTO YJLy IIeHUe
1eJIeBOM (PYHKITHN.

IIycrs J C {1,...,n — m} — MHOXKECTBO MHJIEKCOB HEOA3MUCHBIX IE€pe-
MEHHBIX (Z);j, OTHOCHTE IbHAsI OIeHKA d; KOTOPBIX HMEET «HEeIPaBU/IbHBII>
sHak. Ecmu J # @, To TekyIee 6a3ucHOE pelieHre He sIBJISIeTCS ONTHMAb-
HBIM, U B 9TOM CJIyJae B KauecTBe HeOA3MCHOM MepeMeHHON MOXKHO, B IIPUH-
e, BRIOpaTh J1I00yI0 epeMennyio u3 J. Takum obpazom, mpobiiema BbIOO-
pa COCTOUT B IPUHSITUN PEIIeHUs, KAaKy UMEHHO HeDa3UCHYIO ITepEMEHHY 0
cJielyeT BhIOMpaTh Ha KaKJ0# UTEPAIUi CUMILIEKC-METO/IA.

B nmannoM pasjiesie pacCMOTPEHBI OCHOBHBIE CTpaTernu Bbibopa Hebasuc-
HO¥I ITepeMEHHO, oIy IUBIIIe TPAKTUYIECKOEe IPUMEHEHNE.

3.1 IlpaBuio lanamura

IIpasuno Jarnyuea |2] cocront B BEIGOPE MOIXOsAIEH HEOA3UCHOI TTepeMeH-
HOI ¢ MaKCHMAJLHON MO abCOIIOTHON BeJMYNHE OTHOCHTEILHON OIEHKOIA,
T. €. IIepeMeHHoi (N )q, /11 KOTOpOii

d,| = d;l. 3.1
‘q’ ?2}43‘ (3.1)

ITockombKy mpu m3meHeHun HeOA3UCHON ITEPEMEHHOM (a: N)j Ha BeJINYu-
Hy s HejieBas (DYHKIUA U3MeHseTcs Ha Beuauny d;js, To npasuio Jannura
obecrieqnBaeT HaubOIIbIIIEE OTHOCUTEIBHOE YJIyYIlIeHHE 11eJ1eBoi (DYHKIIUHU.

OCHOBHBIM IIPEUMYIIECTBOM IpaBuia JlaHiura sgBJIsieTCsl ero mMpocToTa,
IIO9TOMY OHO <BJIAECTCA TPAJUNMUOHHBIM JIJI51 T&6.HI/ILIHOI‘O CUMILJIEKC-METO/1a.
Onrako akTuueckKoe n3MeHeHne 1eJIeBOi (DYHKIUHU [IPU [IEPEXO0JIe K CMEexkK-
HOMY 0a3ucy oIpeessieTcss He TOJBKO OTHOCUTEIBHON OIEeHKON BhIOpaHHOM
HeOa3MCHON MepeMeHHO, HO 1 (DAKTUIECKUM M3MEHEHINEM 3TOM ITepeMeHHO1,
T. e. BeJMInHOM Oy (1.23), KoTOpast 3aBUCAT OT BLIOPAHHOI HEOA3UCHOI T1e-
pemennoii. IIpu 3TOM, KaK MOKa3bIBaeT IMPAKTUKA, UCIOJIb30BAHNE ITPABUIA
Janmura mpu pentenun peaabubix JII1-3a1a1 Bo MHOTUX CITysIX MPUBOIUT K
CYIIECTBEHHO OJIbINIEMY YHUCY UTEPAIUil CHMILIEKC-METOA, HeOOXOINMBIX
JJIS TOCTUZKEHU S ONITUMAaJIbHON TOYKH, [0 CPABHEHUIO C JIPYTUMHU, MEHee TPHU-
BUAJIbHBIMU CTPATErUsIMU BBIOOPA HEOA3MCHON MTEPEEMHHOMN.

BTlockonbKy HeGA3UCHBIE IIEPEMEHHBIE COOTBETCTBYIOT CTOJIOIAM TEKYIeil CHMILIEKC-
Tabuuns! (1.8), TO JaHHYIO OIEPAIMIO YACTO HA3BIBAIOT 6b160POM CMOAGYA.
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3.2 Metox naubosiee KpyTOoro pedpa

B cBoeit crarwe (8] I1. Xappuc (P. M. J. Harris) samermiia, 910 BO3MOKHOI
OPUYUHON CIUIIKOM MeJIJIEHHOI CXOIMMOCTU CUMILIEKC-METO/Ia TPU NUCIOJIb-
30BaHUM TpaBuiia Jlanmura sBisieTcst ero acuMmMerpus. JleficTBurebHoO, 3T0
IPaBUIO OCHOBAHO HA UCIOIb30BAHHU OTHOCHUTEIBHBIX ONeHOK dj. Oxmako
OTIEHKA, KOTOPAsl sIBJISTETCS MAKCUMAILHON 0 abCOTIOTHON BEJTMINHE C TOY-
KU 3PEHUsI TEKYIIETro 6asnca yyKe MOXKeT He ObITh TAKOBOW ¢ TOYKU 3PEHUsI
CMEKHOT0 0asmnca, IMOCKOJIbKY CUMILIEKC-Tab/IAIA IjIsi CMEXKHOTO Oa3mca mo-
JlydaeTcst B pesy/bTare JMHEHHOro npeobpasosanus,'? koropoe He sBiseTCs
OPTOI'OHAJIBHBIM, & 3HAYUT, HE COXPaHAET PACCTOAHUIA U YIJIBI.

Yrobbl ycrpanuth ykaszaunyio acummerputo, /1. Tombadap6 (D. Gold-
farb) u k. Pun (J. K. Reid) npemozkuim ncronszosars memod naubosee
kpymozo pebpa (steepest edge) [9]. B coorBercTBumM ¢ 3THM METOIOM IIpEIa-
raeTcsd BbIOMPATH TY MOAXONAILYI0 HEDA3UCHYIO NIEPEMEHHYIO, JJid KOTOPOii
HallpaBJIEHNE, OIIPEIE/IsIEMOE COOTBETCTBYIOMNM pebpoM, oOpasyer HanboJiee
OCTPBIIl yToJI ¢ HAIPABJIEHUEM AHTUTPAIUEHTa (B CJlydae MUHUMUBAIAN ) UJIH
rpajinenTa (B cirydae MaKCHUMU3AINN) T1eIeBOi (DOyHKITHIH.

OmmmanreibHast 0COOEHHOCTDb MeTOoJ1a HanboJjiee KPyToro pebpa COCTOUT
B TOM, YTO YKA3aHHBIH yroJI U3MepsieTcsi B IIPOCTPAHCTBE BeexX (6a3uCHBIX U
HEeDA3UCHBIX) TIEPEMEHHBIX, a 3HAYWT, HE 3aBUCUT OT TEKyIero 6asmca, mo-
CKOJIBKY IIPOCTPAHCTBO BCEX IEPEMEHHBIX OCTAETCs OJHUM M TE€M YK€ Ha IIPOo-
TSYKEHUN BeeX mreparuii. B aTom cMbicsie mpasuio JlaHnura cooTBETCTBYET
BBIOOpPY pebpa MHOrOrpaHHHKA, KOTOPOe TakxKe obpalyer Hambojiee OCTPBIi
YTOJI C AHTUTPATMEHTOM (UJIH TPAMEHTOM B CJIyIae MAKCHMU3AIINN ) [eJIeBOil
GYHKIINM, HO TOJBKO B MEKYWEM NOONPOCMPAHCMEE HeDAZUCHLLT NePEeMEH-
HbIT, KOTOPOE 3aBUCUT OT TEKYIIETO 0A3UCA U, CJIEOBATEHHO, N3MEHSIETCS
Ha Ka)KILOfI unrepamnu, 9TO IMIPpUBOAUT K ITOABJIEHUIO aCUMMETPHUN.

Paccymorpum BBIBOIT COOTBETCTBYIOMINX (DOPMYII.

Omuyckas niepecranoBounyto marpuily 11 B dopmyse (1.11) 3amumenm Te-
KyTee Ga3mCHOE PelteHue B BUIE:

1'0 = (mB;xN) = [(.%'B)l,. cey (I‘B)m; (a:N)l, ey (.Z‘N)n_m}.

FeOMeTpI/I‘IeCKI/I TO4YKa .’I}O ABJIAETCA TeKyL[LefI BepH_II/IHOIU/I MHOT'OT'PaHHOI'O MHO-

JKeCTBa B MPOCTPaHCcTBe 6cex nepeMenubix JIII-3amagn. Homyctum Temeps,
9TO HEKOTOPasl HeDA3MCHAsI IlepeMeHHast (X ); MOy YnIa eUHIYIHOE IPUpa-
IIeHNe, IPUIEM BCe OCTaJIbHbIe HeOA3UCHBIE TIepeMEeHHbBIE OCTAJINCh HEN3MEH-
ueivu. 13 (1.8) ciemayer, 9To B pesysbrare HOJIYIUTCS CJAESIYIONAs TOUKA:

- [(:EB);[ —l—flj, ceey (SUB)m +§mj; (xN)l, ce, (QZN)]' +1,..., (J:N)n_m],

—_

rie §1j, -+ -, §mj — JIEMEHTBI j-TO CTOJIONA TeKyIel CHMILIeKC-TabIuIbl =.
[TockosbKy yKa3aHHasl CMeIIeHHasI TOYKa JICXKUT Ha IPSIMO, IPOXOIsIeit

9310 npeobpasoBaHEe COOTBETCTBYET OJHOMY IIAry MCK/IIOYEHHsI Merojga Laycca—
?Kopana.
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qepes3 pedpo MHOIOTPAHHOI'O MHOYKECTBA, COOTBETCTBYIOIIEro HEOA3MUCHOIA I1e-
peMeHHOIl (2x);, TO HaIlpaBJIeHHEe TOr0 pebpa COBIAIAET C HAIPABICHHEM
BEKTOPAa-IIPUPAIIECHUS:

Arl =27 — 2% = (&,...,&nj;0,...,1,...,0), (3.2)

IJie eMHUIR PACIIOIOkKEHA B MO3UIHA (TN );.
Hac mHTepecyer yroia ¢; MexIy HalpaBieHHeM pebpa MHOTOIDAHHOIO
MHOXKecTBa Az 1 IpaJeHTOM Ie/eBoit hyHknun Vz:

(A2 TV 2
= 3.3
OS5 = AV (33
Jl1st iesieBoii QYHKINN HMeeM 2 = ¢! & = cpTR + CNZN, OTKY/IA:
Vz=c=1(cp)i, -, (B)m;(cN)1,s - (EN)n—m]- (3.4)

Bamernm, uro u3 dhopmys (1.15) u (1.16) ¢ yuerom onpenenenns (1.9) cire-
ayer d = ey — NTB™Teg = ZTcp + cn. Iosromy, ncnombsyst GpopMyIist
(3.3) u (3.4), mveem:

(A2))TVz = &j(ep)i + (en); = Bl ep + (en); = dj, (3.5)
=1

rae =; — j-it crosber; TeKyIel CUMIUIEKC-TaOINIbL, dj — OTHOCHTE/IbHAS
oleHKa HebasmucHol mepeMennoit (xy);. Iloncrasisis nanee BoIpazkeHne st
CKaJIsipHOTO Tpon3sBesiennst u3 (3.5) B (3.3) OKOHUYATEIHHO MOy IHM:

d.;

]
1A V=] (3.6)

COS ; =

e

m 1/2
| Az || = (Z &+ 1) = (7g; + 1)Y2, (3.7)

i=1
IV2]| = flell = (Te)'/2. (3-8)

ITockoubKy rpagueHT nejaeBoit pynknuun Vz = ¢ = const He 3aBucuT
OT Tekymero H6asuca, TO JJIsl IPUMEHEHHsT MeToja Hanbosiee KpyToro pebpa
JIOCTATOYHO 3HATH TOJILKO OTHOCUTE/IbHBIE OIEHKH (j U HOPMBI BEKTOPOB-
npupamenuii ||Az’||. TIpu 3ToM BBHIGOP HamboIee TOIXOMAIICH HebGA3UCHOL
IIEPEMEHHOM (X )q OIpPeIeIsieTCsl CIIeLyIONUM IPABHIOM (Cp. ¢ IPABHJIOM
Hannura u3 nozxpass 3.1):

dg| 71— L
[awd] ~ G [aad] ~ 5eS ETE; + 1)172

(3.9)
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B ciiydae TabIMMHOTO CHMILIEKC-METO/Ia Bhiaucienne Hopu || Az || ve Bbi-
3bIBAET 3aTPYAHEHNUIl, OCKOIbKY CHMIUIEKC-TaOMHIa = = &;; JOCTyIHa B
SIBHOM BHJIe Ha Kazk10il urepanuu. OIHAKO, €CJIU UCIIOIb3YeTCs MOJAUMPUI-
POBaHHBIl CUMILIEKC-METOJI, BBIYHUC/ICHHE OTJ/IEIbHOrO cTojbna Z;, HeobXo-
JMMOTo s Berauciaenus ||Az’||, Tpebyer mpuMeHeHHs OIEpaIm IPSMOTO
upeobpazosarust (FTRAN). ITostomy npsimoe BeIYnC/IeHNE YKA3AHHBIX HOPM
JUUIsT BCeX HEDA3MCHBIX TIEPEMEHHBIX XOTsI U BO3MOXKHO, HO SIBJISIETCS HEOTIPAB-
JIAHHO TPY/J0EMKHM, U3-33 9€ro Takoil Crocob He HAXOJUT MPAKTUIECKOrO
[IPUMEHEHUSI.

Yro6bl u36aBUTHCsSI OT HEOOXOAUMOCTU $IBHOIO BBIYMCJICHUsS] HOPM BEK-
TOPOB-IIPUPAIIEHU JIJIsT BCeX HeDA3MCHBIX MEPEMEeHHBbIX Ha KayKJOH urepa-
UM CUMILJIEKC-MeTOJ1a, B pabore 9| ObLu mpe/jiozkeHbl GopMyJIbI iepecueTa
9TUX HOPM IIPU [epexojie K CMeKHOMY 6asucy (110 aHaJOrHU C IIepecueToM
KOMITOHEHT 6a3MCHOTO pelleHust u3 mojapasi. 2.3). PaccMorpum BbIBOJL 9THX
dopmyi.

Beesem st yio6cTBa BEJIMIUHBL:

m
v=lAd P =14+E]5=14+> &, j=1,...,n—m, (3.10)
i=1

U JOIyCTHM, YTO JIJIsl TEKYIIero 6asuca 3TH BEJIMYMHBLI y2Ke U3BeCTHBI. Jlo-
IlyCTUM TaK»Ke, 9TO B CMEXKHOM 6asuce epeMeHHasi (T 3), CTaHOBUTCS HEOa-
3UCHOM, a (Z)y — OA3UCHOI, T. €. BEYIUM T€MEHTOM CHMILIEKC-TaO INIIbE
sapstercs Ep,. Hac unrepecyior dbopMyIibl Iepecyera BeJIUIrH 7y, JJIs CMEXK-
Horo baswca.

PaccmorpuM BHaUasIe Iepecder BEJIHUUHBL 7Y, JUIst BELYIIErO CTOJIONnA
(j = q). Ucnonbsysi dopmysbl nepecdera 3J€MEHTOB CHMILIEKC-TaOJIUIIbI
(1.33)—(1.36) u3 mogpaszn. 1.4, nmeem:

2 N2
_1+Zflq_1+€pq+zgm_l+(€l> +Z(§q>
pq iZp \SP

i#p

3aMeTuM, ITo:

2 2
Z(fq> (fm) +Z(§w) :”Z(&q)
7 qu i#p f1’)‘1 i#p qu

IIO3TOMY:
) 2
Vg = <) +Z<&q) :% 1+Z£i2q ’
qu qu g i

OTKYyJda OKOHYATEJIbHO CJIEAYEeT, ITO:
1

0= 2 (3.11)
Pq
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Paccmorpum Teneph nepecder BeJHYHH Y; JJi OCTAJILHBIX CTOJIOIOB
(j # q). CHoBa ucnosb3yst GopMyJIbl IEpecyera 3JeMeHTOB CUMILIeKC-TabIu-
et (1.33)—(1.36) u3 moppasz. 1.4, nmeem:

N 2 e N2
’Yj:1+sz?j:1+§§j+25?j=1+<§m> +Z<§ij_§z§§pj> )
) i#p pPq i£p pq

3aMeTuM, 9To:
> (fz‘j - &ggpj)Q =>. (&'j - &ggpjy + <€pj - §pg gpj)Q =
P pq iZp Pq Pq
_ o giquj > 2
> (@] o)
MTO9TOMY::

v =1+ (fm) + Z (&j - &q{m) =
gpq ; é.pq

)

. (fm)z_i_zgizj 3 <§iq§pj>2 = §ij€ialpi _
Epg - Epg ~ &g

7 7

(1 + Z ?,) + <§Z> (1 - Z Eq) —2 (ZZ) Zgzjgiq.

_ fpj 2 gpj
Y=+ (qu) Vg — 2 <€p<1> Zfijqu~

Cymma E &ij&pq TIPEJICTaBIIACT CODOI CKaJIpHOE IIPOU3BE/IeHNe j-TO CTOJIO-

OTKyJ1a:

7
118 CUMILTIEKC-TaOIAIIBL:
E; =Ze; = B"'Nej = —B7'N;
e j= J
I ee ¢-ro (BeiyImnero) cTosbna =g, I09TOMY:

Zgijqu = E?Eq = (-B7'N;)Z, = —NJTB_TEq.

(2

Taxum 06pa3oM, OKOHIATETBHO IIOJIYIaeM:

Vi =+ (Z?;) Yy + 2 (Zi) NI'B™TE,. (3.12)
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Ucnonbzosanue dopmysibl nepecuera (3.12) tpebyer aByx ornepaiuii 06-
parHoro npeobpazosanns (BTRAN) na kakmoit nrepanun MoauduImpoBa-
HOI'O CUMILIEKC-METO/IA: OJ[HA ONlepaIis Hy KHa JIJIsi BIYUCIEHUsT 3JIEMEHTOB
BeJIylIell cTpoKy cumiuieke-Tabmunpt &, = (£,,),20 a Bropas — /1 BbIMHC-
JIEHUsI BEKTOPA B_TEq.

CreftyeT OTMETHTH, YTO MHOTOKDATHBIl IlepecdeT BeJIUYUH 7; BCJIE-
CTBHE OMMOOK OKPYTJIEHHsI MOYKET MPUBECTU K 3HAYUTEIHHOMY OTKJIOHEHUIO
9TUX BEJUYHMH OT MX TOYHBIX 3HaueHuil. UTOObI YMEHBINUTD BJIMSHUE OIIH-
6ok OKpyIyieHusi, B paboTe [3| mpemiaraercs, BO-I€PBBIX, MCIIOJIL30BATH B
dbopmyite (3.11) me Tekymee 3HAYEHUE Y, C MIPEALLIYIIel HTepaluu, a 6osee
TOYHOE 3HAYEHUE ITON BEJUUMHBI, BLIYUCJIEHHOE HEIIOCPEICTBEHHO 110 (hOp-
myste (3.10):

Yo =1+ & (3.13)

YTO HE BBLI3LIBACT 3aTPYAHEHUII, MOCKOIBKY B CIydae MOAU(PUITPOBAHHOIO
CHUMILTIEKC-METO/[a BeLymuil crosibery Tekyeil cuMiutekc-Tabaumst =, = (iq)
JIOCTYTIEH B IBHOM BHJIE. BO-BTOPBIX, MOYKHO 3aMETUTD, UTO:

2

_ —2 -2 —2 —2 Epi

w—HZiij—HfmZ&j21+£m-—1+(éjjl) - (314
( i#p

IlosTomy, ecin BeseicTBIE ONMOOK OKPYTJIEHUs 3HAYEHHE 7, BBIYHCJICHHOE
no dopmyste (3.12), oKasbIBae€TCsl MEHBINE, Y€M MpaBasi 9acTh HEPABEHCTBA
(3.14), To B KauecTBe GoJIee TOTHOrO 3HAMEHUS 7, MPEJTATAETCS UCTIOTB30-
BaTh BEJMYUHY B IIPABOH 9aCTU YKA3aHHOI'O HEPABEHCTBA.

Jomycrum, uro p-s1 (Begymias) crpoka &, = (p;) U ¢-it (Bemymmit) cros-
Gery 24 = (&q) TeKymIeil cuMILTIEKC-TabIHIBI y2Ke BbIYUCIeHbl. Torma mpak-
THYECKas CXeMa Ilepecuera BeJUYHH 7y; JJIg CMEXKHOro Oaszuca MoxKeT OBITh
CJIeLyIOILeH.

1. BeraucsuTs 60s1ee TOUHOE 3HAUEHUE 7Y, JJId TEKyIIero 6asmca:

m
_ Z 2
’Yq =1 + giq'
i=1
2. Berameimts BemoMoraTeIbHbIH BEKTOP, HCHOIL3Yst oneparmio BTRAN:
—_ pT=
u=B""5,.

3. Bommonmuute nmn. 4—6 g j=1,...,¢q—1,g+1,...,n—m.
4. BuraucauTh BCIIOMOTATEIbHYIO BEJTUINHY

rj = &pj/Epg-

2091 cTpoKa TaKKe HCIOTB3YETCs /ISl MepecueTa OTHOCHTETBHBIX OIEHOK HeGA3UCHBIX
HepeMeHHBIX (CM. mogpas. 2.3).
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5. BeramcsimTh BcomMoraTeabHOe CKaJIIPHOE IPOU3BEICHIE:
AT
sj = Nj u,

rae N;j — j-it cronben marpunp! N, T. . cToa6en MaTpullbl KoadduuuenTos
orpaHnmYenuii A, cOOTBeTCTBYIOIINI HeOA3UCHOl IIepeMeHHOi (TN );.
6. Boraucants Bemiuny 7, Jyis CMEKHOrO basuca:

;= max(y; + 137 + 2rjsj, 1+77).

7. Beraucsnure Besmuuny 7, i cMeKHOTO Oasuca:

= _ 2
7q - Vq/qu- n
[Mocnennee 3amevdanne KacaeTcst HCIOJb30Banus npasuia (3.9). Yrobol
n3bexkaTh M3BJIEUEHUsT KBAJAPATHOTO KOPHs MIJIsI BBIOOpa HeOa3MCHON Imepe-

MeHHOiT (TN ), 0 MeToIy Hambosee KPyTOro pebpa, MOXKHO HCIOIb30BATD
9KBUBAJIEHTHOE [IPABUJIO:
& 4
— = max —. (3.15)
Vg IS

IIpakTuveckoe perrenue 3a7a4 JIMHEITHOTO TPOrPAMMUPOBAHUS C UCIOJThb-
30BaHUEM MeTO/1a HamboJsiee KPyToro pebpa B OOJBIIMHCTBE CIyIaeB MPUBO-
JUT K CYIIECTBEHHOMY COKPAIIEHHMIO YHCJIa HUTEPaIdil CHMILIEKC-METOIa 110
CPaBHEHHIO CO CTAHJIAPTHBIM IIPABUJIOM BBIOOpa HEDA3UCHBIX MEPEMEHHBIX,
1 KaK CJIEJCTBHE 9TOr0, K YMEHBIIEHUIO ODIIEro BPEMEHH PEIeHUs TaKe C
YUIETOM TOTO, UTO Ha KaXKJIOH MTepalny IPUXOJAUTHCSI BBIMOJIHSITD JTOTOJIHHU-
TeJbHBbIE BBIYUCICHUSI.

Opnrako Meroy HamboJiee KpPyTOro pebpa HMMeeT OJUH CyIeCTBEHHBIH
MIPaKTUIECKU HegocTaToK. Kak y»ke ObLJIO OTMEYEHO BBIIIE, MHOTOKPATHDIMH
nepecyeT BeJIMYUH 7yj Ha KaxK/0ll uTepaluu CUMILIEKC-MeTO/a MOZKeT IIpUBe-
CTH K 3HAYUTEIbHOMY OTKJIOHEHUIO 9TUX BEJIUYNH OT UX TOYHBIX 3HAYCHUN
BCJIEJCTBUE OMUOOK OKpyrieHus. [loaToMy B KAKOH-TO MOMEHT MOXKET BO3-
HUKHYTH HEOOXOIMMOCTD IIPSIMOTO BBIYUCJIEHUSI STUX BEJIMIUH JIJTsT TeKYIIe-
ro 6asuca HenocpeacTBeHHO 1o (opmyiie (3.10), mist gero Tpebyercst BbIYUC-
JINTH 6Ce CTOJIOIBI TEKYIIEH CUMILIEKC-Ta0IuIbl. C IPaKTHIECKOH TOUKHI 3pe-
HHS 3TO ABJISIETCs] HEIIPHEMJIEMbBIM, TaK KaK B CJIydae MOIU(MHUINPOBAHHOIO
CHUMILJIEKC-METO/Ia BHIYUC/ICHUE OTHOTO CTOJIOA CUMILIEKC-Ta0IUIlbl TpedyeT
BBITIOJIHEHUST OJIHOM omepariuu npsiMoro npeobpazosanust (FTRAN).

AHajioruvHast CUTyalls BOSHUKAET U [Iepe]] BBIIIOJIHEHUEM CAMOU [TePBOi
UTEPAIIH CHIMILTIEKC-METOJIa, KOT/[a BeJIMUINHEL 7, ellle He n3BecTHbl. Mcmomn-
soBanue Gopmysibl (3.10) He BbI3bIBAET 3aTPY/IHEHU UL B €JMHCTBEHHOM
cJlydae, a MMEHHO, KOTI/[a HAYaIbHBIN 06a3UC MOJHOCTHIO COCTOUT U3 BCIIOMO-
raTeJbHbIX HePEMEeHHBIX orpanmdenuii?! (T. e. Korja Bce HCXOIHBIC CTDPYK-
TYpHBIE IIEDEMEHHBIE SIBJISIFOTCS HEOA3UCHBIMM), [OCKOJIbKY B 9TOM CJIydae

21 Bresienne BCIIOMOTaTEILHBIX HEOTPHIATEIBHEIX MITH HEIOIOMKITEIBHBIX TTEPEMEHHBIX
B OUpaHUYIEHUs 33149 SBJISAETCS CTAHIAPTHON TEXHUKON Mpeobpa30BaHMs HEPABEHCTB K
BUJY PaBEHCTB.
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B =1, tak uto £ = —B7!N = —N. Oanaxo cTasjapTHBIi Hada IbHbIIT
0a3uc sBJISETCS B HEKOTOPOM CMbliI€ MCKJIIOYEHHEM, ITOCKOJIbKY BCE COBpe-
MeHHBIE ITaKeThl JTUHEHHOTO TPOrPaMMUPOBAHUS UCHOJB3YIOT T€ WJIN WHBIE
MIPOIEIy Pl st (POPMUPOBAHUS MEHEe TPUBUAJILHOI'O HAYAJILHOTO Oasuca.
To ke camoe OTHOCHTCS M K MOBTOPHOW ONTUMU3AIUU, HAIIPUMED, [IPU UC-
MTOJIb30BAHUM TEXHUKU T'€HEPAIUU CTOJIONOB, T/ie HAYAJbHBIM 0Aa3MCOM CJIy-
JKUT ONTUMAJIBHBIN 6a3UC peayImpoBaAHHON 38 a4,
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3.3 IlpoekimonHblii MeTOa HanboJiee KPyTOro pedpa

Ipoexyuornviti memod Haubosee Kpymozo pebpa SIBIASTETCS PA3BUTHEM METO-
na HamboJsiee KPyToro pebpa, pacCMOTPEHHOTO B MPEABIIYIIEM TOAPa3IeIe.
OcHoBHasI Bjiest 9TOrO METO/a COCTOUT B TOM, YTOOBI U3MEPATH YIUIbI @ (3.3)
He B IPOCTPAHCTBE BCEX MEPEMEHHBIX " a B HEKOTOPOM IOANPOCTPAHCTBE
V C E™, Ha3BIBAEMOM 2MAAOHHBLM, KOTOPOE TAKKE OCTACTCS HEM3MEHHBIM
Ha TPOTSXKEHUHU JTOCTATOYHO OOJIBIIIOIO YUC/Ia UTEPAIMI CHMILIEKC-METO/IA.
Hpyrumu cioBamm, B 9TOM MeTozme BMeCTO Gopmynbl (3.3) HCHOIB3yeTcst
dopmyita: ‘

(Azi,)TVzy

- : (3.16)
[Azy [V |

Sng:

rae Ax{, u Vzy — IPOEKINH, COOTBETCTBEHHO, BEKTOPOB Azd u Vz na sta-
JIOHHOE TToirpocTparcTBo V. [Ipu 9TOM ¢ mpakTUdecKoi TOUKM 3peHusT HAU-
60J1e€ TIOIXOISIIIINM STATOHHBIM TTOITPOCTPAHCTBOM SBJISETCS KOOPIUHATHOE
noONPOCMPAHCMEo, ONpeJesIeMoe HeDA3UCHBIMYU MEPEMEHHBIMEI HA HEKOTO-
POit TPOU3BOJILHO BHIOPAHHON UTEPAITUU CHMILIEKC-METOIA.

Ipumeuarue. TIpaBoMOYHOCTH BHIGOpa TOAIPOCTPAHCTBA HEOAZUCHBIX
IIepeMEeHHBIX B KadecTBe STAJOHHOIO MMeeT ciemyioriee obocHoBanue. [Ipu
paccMOTpeHn: TabJIMIHOIO CUMILIEKC-MeToIa (eM. moapas. 1.4) 66110 oTMe-
YeHO, 4TO IpeobpasoBanHas 3ajada (1.25)—(1.28), nmeromas MecTo Ha OT-
JIEJTLHOM UTepaIun CUMILIEKC-MeTo/la, SKBUBajenTHa ncxoaHoit JII1-3amaue
(1.1)—(1.3). Ecan uckimountsb 6a3ucHble IepeMeHHbIe U3 IPeodpasoBaHHOI
3aJIa4H, TO MBI TIOJTYIHM CIEAYIONYIO Pedyuupo8antyio 3a1ady:

z :deN—}-do — min

Ip<Ezny+g<up
Iy <zy <uny

Ora peLynupoBaHas 33/a9a, OUeBH/HO, TAKyKe SKBUBAJIEHTHA NCXOIHOI 3a-
Jlade, HO BKJIIOYAET TOJILKO HeOA3KMCHbIE IIePEeMEHHbIe MCXO/HOMN 3ajatdu, KO-
TOpbIe MOXKHO PAcCMAaTPUBATH KAaK OOBIYHBIE [IEPEMEHHBIE PeLyIUPOBAHHOM
sazaqn. Takum 06pasoM, MPOCTPAHCTBO BCEX MEPEMEHHBIX DLy INPOBAHHOM
3aJ[a9l — 9TO IOAIPOCTPAHCTBO HEOA3MCHBIX MEPEMEHHBIX MCXOIHON 3a/1a-
i, BEIOPAHHBIX Ha COOTBETCTBYIOIIEH urTepannu cuMIiuiekce-merona. Creno-
BATEJIBHO, METOJL HAbo0JIee KPYTOro pedpa B IPOCTPAHCTBE BCEX [EPEMEHHBIX
IPUMEHHTEILHO K PEeJLyIMPOBAHHOMN 3a/1ade SKBUBAIEHTEH IIPOEKIINOHHOMY
MeToy HauboJIee KPYyToro pebpa B HOJIPOCTPAHCTBE HEOA3UCHBIX II€PEMEH-
HBIX IPUMEHUTEILHO K MCXOJHOI 3a1ade.

Pacemorpum BbIBOJL cooTBeTcTBYOMUX HhOPMYJI, HOJIArasi, YTO BEKTOD-
npupamenne Azl mveer Bus (3.2).
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IIycte V' — sTayionHoe KOOPAMHATHOE MOIAINPOCTPAHCTBO IMEPEMEHHBIX,
KOTOPOE€ IIePBOHAYAJILHO (T. €. Ha HEKOTOPOH IPOM3BOJILHO BHIOPAHHON HTE-
paryu CUMIJIEKC-METOJIa) COBIAIACT C MOANPOCTPAHCTBOM HEOA3UCHBIX TIe-
PEMEHHBIX. OHpe,ZLeJII/IM cireayromue BCrroMoraTeJibHbIe BEJIMIUHBI JJId TEKY-
mero basucas:

[ 1, ecm (zp); €V

i = { 0, ecm (zp); €V (3.17)
1, ecm (zn); €V

% = { 0, ecmu (zn); €V (3.18)

Omnyckas nepecranosodmyio Marpuiy 11 B dopmyre (1.11), MoxHO cun-
Tarh, uto Azl = (Azly; Ar’y) u Vz = (Vzp; Vzy), rie noasexropsl Azl 1
V2B COOTBETCTBYIOT GA3MCHBIM TIEPEMEHHBIM & 3, & OABEKTOPhl Az 1 Vzpy
COOTBeTCTByIOT He6aSI/ICHbIM IIEepEeMEHHBIM TN . HOSTOMY IIPOEKITNN yKa3aH—
HBIX BEKTOPOB Ha IIOIIPOCTPAHCTBO V OYIyT PaBHEI:

Am{‘/ = (nAme; 5Amg\,), (3.19)

Vzy = (nVzp;dVan), (3.20)

rae n = diag(n;), 6 = diag(d;) — nmaronansuste (0,1)-marpuipt. (Apyravu
CJIOBaMH, IIPOEKIHsI BEKTOPa Ha MOJIPOCTPAHCTBO V' II0JIydaercsi B Pe3y/ib-
TaTe 3aMEHbl HYJIsIMH Te€X €r0 KOODJIMHAT, KOTOPBIE He BXOJAT B V.)

Ob6paTtumcst BHAYAJE K CKAJISIPHOMY [TPOU3BEJICHUIO B YUCIUTETIE (POPMY-
a6t (3.16). Ucnons3ys coornommenns (3.19) u (3.20), a Takske yIUTHIBAsA, 9TO
n'n=nu 68 =45, nomyuanm:

(A2])TV2y = (Az) 0 nVap + (Aad) 766V 2p =

J
b . (3.21)
= (Azy) 'nVzp + (Axy)T6Vzp = (A2)) TV 2y
B sio6om 6asuce ucxonnas nenesas dbyukius (1.1) sKBuBajieHTHA 11€51€-
Boit yHKIIM MpeobpazosamHoil samaun (1.25).22 CremosaTebHo, TpH HC-
nosb3oBanun (opmydiet (3.16) Mbl BipaBe cuuTaTh, YTO HAYMHAS C TO UTe-
palun CUMILIEKC-MEeTOa, KOTIa BBIMOJIHSAETCS (DUKCAINST ITAJOHHOTO ITOI-
HpoCTpaHcTBa V, MBI BMECTO MCXOIHOI IeseBoil GyHKIHN z = cla + ¢
UMeeM JIeJIO C 9K6UusaseHmMol 1eaeBoil dyHKImel mTpeodpa30BaHHON 3a1a-
un z = dlay + dy 118 yKa3aHHOH HAYAIbLHOH HTEpPAINN, KaK eCJIH Obl

2enenyro byuxmuio npeobpasosannoit 3agagu (1.25) MOXKHO MOSYYHUTH BHIYHTAHE-
€M U3 WCXOMHOU IIesIeBOM (DyHKITIH (1.1) JIMHEAHOM KOMOMHAIINKA OTPAHUYIEHUIA-PABEHCTB
(1.2), ecu B KadecTBe KO3(MDMUIUEHTOB ITOH JIMHEHHONH KOMOMHAIH MCIOIb30BATH CAM-
IJIEKCHBIE MHOXKUATEJIN T; ( 1.16). 3ameTnM, 9TO KOI(DMDUIIUEHTHI OTIETBHOTO OTPAHUIEHUSI-
PaBEHCTBa OIIPEAEJIAIOT BEKTOP, OPTOIOHAJILHBIA K IIJIOCKOMY MHOXKECTBY (acbcbI/IHHOMy
LIOANIPOCTPAHCTBY) TOUYEK, YJIOBJIETBOPSIONIMX CUCTEME OrpaHudeHuii-pasexcrs (1.2), mo-
9TOMY JIMHEHHAsT KOMOWHAIUST TAKUX BEKTOPOB TaKiKe OyIeT 00J1a/1aTh 3TUM CBONCTBOM
oproronajbHocTr. OTCIONA CIIEAYeT, 9TO IPAJIMEHTh SKBUBAJEHTHBIX HEJEBbIX (DYHKIIHI
OTJIMYAIOTCA APYT OT Jpyra JIMIIb 3TOU OPTOrOHAJBHOI COCTaBJISIIONIEH.
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UCXOJHOM ObliIa 9Ta SKBUBaJICHTHas 1esieBasi GyHkims. [TockoibKy ke Ha
sroif HadasbHOIl nreparun 0 = diag(d;) = [ (eauHHYHAS MATPUIA), TO
Vz = Vzy = (0;d), orkyna ¢ yaerom (3.5) ciemyer, 9To

(A2 TV 2y = (A2?)TV2 = d;. (3.22)

BasKHO OTMETHTD, YTO OTHOCUTE/IbHEIE oneHKu d; = (Axz/)V z my1s mexon-
HOI 11es1eBoi (byHKImMY 2 = ¢! & +co u d; = (Az) TV 2y, nyist sSKBUBATEHTHOI
testesoit byuknnn z = d! xyx +do (rze d v &N OTHOCATCSI K MTE€PAIUU, HA KO-
TOPO#i TPOUCXOUT PUKCAIS STAJOHHOTO MOANPOCTPAHCTBA) OYILyT OJHUME
U TEMU Ke Ha BCeX IMOCJIeyONIX UTEPAIUAX CUMILIEKC-METO/Ia BCJIEJICTBUAE
SKBUBAJIEHTHOCTU TEJNEBBIX (QyHKIMHA. [109TOMY /11 BBIYUCJIEHUST OTHOCHU-
TEJILHBIX OIEHOK d;, KOTOPbIe OTHOCSATCS K 9KBHBAJIEHTHOI IesIeBoil (DyHK-
WY, HUKaKas 3aMeHa KO3 DUIIMEeHTOB UCXOMHON 11eIeBOil (DYHKIMHU HE Tpe-
Oyercs.

[MopcranoBka ckassipHOro npoussejienus u3 (3.21) B uucauressb Gpopmy-
aet (3.16) ¢ yaerom (3.22) maet cieyioliee BEIpAyKeHNe JIJIsk HHTEPECYIOIIEro
Hac yria (IOJ4epKHeM, YTO Telepb Mbl PACCMATPHBACM YIOJI MEXK/LY IPOCK-
npeii Bekropa-npupamenusi | Az, || n npoexuueit rpauenra || Vzy || oxeusa-
AeHmHol 11e1eBol (DYHKIUH, YTO OJHAKO HE MEHSIET CYIIEeCTBa JIeia):

d;

=3 (3.23)
Az (|| Ve |

S @y

Tak kak Vz = const m 3TajJoHHOE MOAIPOCTPAHCTBO V He 3aBUCUT OT Te-
Kymero Gasmca (ocTaercss Hem3MeHHBIM), To Vzy = const.?? Tlosromy mis
IIPOEKITMOHHOIO MEeTOo/1a Hanbojee KpyToro pebpa BbIOOD HanboJIee moIX0sI-
el Heba3MCHOM mepeMeHHO (:z N)q OLpeIeSIAeTCd CJICAYIOIINM [IPABUIOM:

% = max le, (3.24)
[Azy | des | A, ||
KOTOPOE sIBJIIeTCsI aHaJIoroM pasuia (3.9) jyist 06bIMHOro MeToja Hanboee
KpyToro pebpa (cM. moapas. 3.2).

Ilepeiinem Temepb K HOPMaM HPOEKIUil BEKTOPOB-IPUPAIICHUil Ha 9Ta-
JoHHOe TojpocTpancTBo. U3 dopmya (3.2) u (3.19) ciemyer, uro

Ax{, = (?71§1j, . ,T]mfmj; O, ceey 5]‘, ey 0), (325)
OTKYy/Ja:
m 1/2 1/2
Az | = { Y m& +9; =D &+ ’ (3.26)
=1 1ER

23QueBnno, uro Vz = Vzy B COOTBETCTBHH C OMpE/EIECHIEM JAHHON SKBUBAJEHTHOI
1eJIeBOM (byHKITHH.
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rne R={i:n =1} = {i : ()i € V} — MHOXKeCTBO HHJEKCOB GA3UCHBIX
[IepEMEHHBIX, [IPUHAJIEZKAIIUX ITAJTOHHOMY IIOIIPOCTPAHCTBY.
Beegem gyist y06cTBa BETMIHHBL:
vi=Ad P =06+ & j=1,....,n—m, (3.27)
i€ER

KOTOpbIe aHAJIOrMYHbl BesmanHaMm (3.10) B 0O6baHOM MeTozie Hanbosee Kpy-
Toro pebpa, U JOIYCTUM, YTO Jjisi TEKYIIero 6a3uca 3T BeJIUIUHBI yXKe 13-
BecTHBI. JIOmycTiM TakKe, 9TO B CMEXKHOM Gasuce nepeMeHHasi (), CTAHO-
BUTCsI HeOABUCHOM, a (2 ) — OA3UCHOIA, T. €. BeLyIIIM 3JIEMEHTOM CHMIITIEKC-
TabmIpl sABiIstercst &py. Hac unrepecyior opMyIIbl epectera BeJHInH 7,
IJISI CMEXKHOro Das3uca.

PaccmorpuM BHaYasIe Iepecder BeIHUUHBL 7Y, JUIsl BELYIIEro CTOJIONA
(j = q). B coorBercrBum ¢ (3.27) umeem:

— % -2
Vg = 0q + Z Eig-
i€ER
Tak kax B cmexkHOM Gasnce (rp)p U (TN )q MEHSIOTCS MECTaMu, TO 1, = dg,
0g =1p 1 R\{p} = R\{p}. Hosromy:
— < _ =2 —2 _92 )
i€R\{p} i€R\{p}

Ucnonwsyst bopmyinsl nepecuera (1.33)—(1.36), mosydnm:

1 2 5 2
() 3 (6
’Yq Tlp q épq N gpq

v 3, (8)
<£pq wt 2 {gr)

i€ R\{p}

3ameTnm, 9TO:

N2 2
2 le) = (&)
icr \SPd Pq

IIO3TOMY:

i€R\{p}

_ 1 2 giq 2 1 2
= (o) + () - o (arXe).
Epa i€R $pa qu i€R

OTKYJla CJIeJIyeT, UTo:
1

Yo = 2 Ve (3.28)
Pq

PaccMorpuM Temephb Iepecder BEeJIMYHH 7Y; IS OCTaJIbHBIX CTOJIOLOB
( # q). B coorsercrBuu ¢ (3.27) nmeem:

T =0+ &

i€R
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IockonbKy j # ¢, 10 0; = 0;. Kpome Toro, Kax y»e ObLIO OTMEYEHO BBIIIE,

7, = 0q u R\{p} = R\{p}. Iosromy:

_ = _ =2 =2 =2 =2
V=0 Tt Y, &y =0T+ Y &y

i€R\{p} i€R\{p}

Ucnonbsyst bopmyinst nepecuera (1.33)—(1.36), mosrydnm:
_ &\ Eigkpi \
Pq pq

i€R\{p}
3ameTnm, 9TO:

e\ 2 A\ 2 e N2
Z <£ij . fzqu]) = <§pj - qufm> + Z <§ij _ fzqu)
qu qu §pq

ieR i€R\{p}
— Z (éij _ f%éﬁpﬂ)
i€R\{p} e
HOSTOMy:
. spj>2 ( fiquf_
=44, (22 g — —DP )
7=k (2 w2 (8,
(8] R g () g
Pq i€R i€R Pq i€R P

~(5rx6)+ (2) (s 2a) -2 () T
i€R &g i€R P47 ieR

OTKYJa CJIeJIyeT, UTO:

V=%t <5m) Vg — (gpj> Zfzy&q
&pq $pq

1€ER

m
Cymma Z&j&q = Zéijm&q MIPeCTaBIsIeT CODOM CKAJISIPHOE MIPOU3BEIe-

i€R i=1
HIe j-T0 CToJ0Na CHMIITeKc-Tabuuipl =5 = (&) = —B~ 1N u BekTopa HZ=,,
rae =24 = (&ig) = —B_qu — ¢-it (Bemymuii) crosber; CUMILIEKC-TabIHIIbI,

H = diag(n;) — nuaronajbHast MATPUIA, COCTABJICHHAS 13 Beaudut 1); (3.17).
[TosTomy:

Zfzyé‘zq E ) = —N]-TBiTHEq.
i€ER
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Takum 006pa3oM, OKOHUATEIBHO TIOJTY IaeM:

2
T =+ (?“J) Vg + 2 <§W> N/'B THZ,. (3.29)
pq pq

Mozkuo BHjieTh, uTo dhopMmysbl nepecuera (3.28) u (3.29) coBnagaior ¢
anasorngabivMu popmynamu (3.11) u (3.12) st 06bHOrO MeTOa HANbO-
Jiee KpyToro pebpa. EjquHcTBeHHOE OTIMYNEe COCTOUT B TOM, 9TO B (hOPMYJIe
(3.12) obpaTHOe peobpazoBaHue IPUMEHSIETCsI HEIIOCPEICTBEHHO K BeJLyIIe-
My CTOJIOI CUMILTEKC-TabIHIBI =y, a B dopmyite (3.29) — k BekTopy HE,,
KOTOPBIHi [OJTy4aeTcst 3aMEeHON HEKOTOPBIX 9JIEMEHTOB BEJIyIIEro CTOJIONA Hy-
asivu. Takum o6pa3om, 06a MeToja UMEIOT OJUHAKOBYIO BBIYUCIUTEIHHYIO
TPYJIOEMKOCTb.

Kak u B cirygae 06braHOr0 MeTO1a Harbojee KpyToro pebpa, MHOTOKpPAT-
HBII IIepecder BeauduH 7y; 10 dopmynam (3.28) u (3.29) Moxker mpuBeCTH
K OTKJIOHEHUIO 9TOX BEJIMYUH OT UX TOUYHBIX 3HAYEHUI BCJIEJICTBHE ONMOOK
okpyryenus. [103ToMy, 9TOOBI YMEHBINIUTD BJIUSTHEE TAKUX OMIMOOK, MOZKHO
IPUMEHSTH Ty K€ TeXHHKY, 9To u pamee. Tak, B dopmyie (3.28) pexomen-
JIyeTcsl UCIOJIb30BaTh He TEKyIlee 3HAUCHHE Y, C IPEAbIIYINell HTepanuH, a
6oJiee TOYHOE 3HAUEHUE STOI BEJIMIMHBI, BLIYUCIEHHOE HEMOCPEJICTBEHHO 110
dbopmyute (3.27):

Yo =0+ & (3.30)
1ER
Kpome Toro, MOXKHO 3aMeTUTh, 9TO:

_ =2 =2 =2
75 :51“"2513' = 0j +0¢8p; + Z §ij 2
icR i€R\{p} (3.31)

2
) .
5]' + 6q§pj = (5]‘ + (5q <§Z> .

Takum obpasoM, eciu BeeAcTBUE OMMOOK OKPYIVICHUs! 3HAYEHUE 7, Bbl-
qucsierHoe 1o (opmyse (3.29), okasblBaeTcsi MEHbIIE, YeM [paBas 9acTb
HepaseHcTBa (3.31), To B KauecTBe 60J1€€ TOYHOIO 3HAYCHUS 7j UMeeT CMbICJI

v

HCIIOJIF30BATh BEJIMIUHY B IIPABOil 9acTH YKa3aHHOIO HEPABEHCTBA.
Homycrum, arto p-s (Bemymias) crpoka &, = (&pj) 1 ¢-it (Beymuit) cros-

Ger; =4 = (&iq) TeKyIIeil cuMILIEKC-TabINIIBL y2Ke BBIYnCIeHbl. Toria npakTu-

JecKas CxXeMa IiepecueTa BeJIMYNH Y, /IS CMEZKHOT0 6a3uca B COOTBETCTBHUM C

ITPOEKITMOHHBIM METOI0M HanboJjiee KPyToro pedpa MOXKeT ObITh CJIeIyoMei.
1. BeraucsuTs 60siee TOUHOE 3HAUEHME 7Y, JJId TeKyIero basmca:

_ § : 2
Vg = 5‘1 + giq'
1ER
2. Beraucsinth BCroMoraTe/ibHbI BEKTOD, UCH0Jb3ys oneparmio BTRAN:

u = BiT(HEQ)J
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rne H = diag(n;) — auaronajibHasi MATPUIA, COCTABICHHAS U3 BEJIMUIUH 7);.
3. Bomosaute nmt. 4—6 g j=1,...,q—1,g+1,...,n—m.
4. BeIMUCINTD BCIIOMOTATENIBHYIO BEJTHINHY:

i = &pj/Epq-
5. BeramennTs BCIoMOraTeIbHoe CKaISIpHOe IIPOU3BEICHNIE:
AT
sj = Nj u,

rie N; — j-it cronbern marpurpr N, T. e. cTobern MaTpuIbl KoadgdunuenTos
orpanmdennii A, coorsercTByonmii HeGAZUCHOI ITepeMeHHOM (TN );.
6. Berancures BeqmHuny 7, Ui CMeKHOrO Oasmca:

¥ = max(y; + r?’yq +2rjs;, 0; + 5q7*]2-).

7. Beraucnure Besmuuny 7, il CMeKHOIO Oasuca:

= _ 2
’Yq - ’Y(I/qu' .
[Mocneee 3amedanne KacaeTcsi NCIOIb30BaHus Ipasmia (3.24). Yrobol
; j 1/2
HE M3BJIEKATh KBaJPATHBIl KOPeHb [yl BbraucaeHun HOpMbl [|Af, || = ’yj/

pHu BeIOOPe HEOA3UCHOIT IEPEMEHHOM (TN )q, MOKHO HCIOJIB30BATH SKBUBA-
JIHTHOE TIPABUJIO, KOTOPOE COBIaIaeT ¢ mpasuioM (3.15) u3 moapasi. 3.2:

dg _ 4
— = max —. (3.32)
Yq jed ;5

IIpoeknmonnbrii MeTo HamboIee KPyToro pebpa MMeeT Te ¥Ke IOJIOXKU-
TeJbHBIE CBOMCTBA, UTO U OOBIYHBLIN MeTojl HamboJiee KpyToro pebpa B Ipo-
CTpPAHCTBE Bcex mepeMeHHBIX. OIHAKO BO3MOXKHOCTDL NEPEONpPedescHus ITa-
JIOHHOT'O TIOJIITPOCTPAHCTBA HA JIFOOOI UTepan CUMILIEKC-METOIA TI03BOJISIET
n30aBUTHCS OT OCHOBHOT'O HEJIOCTATKA, HMPUCYIIEr0 OOBITHOMY METOIY Hal-
bosiee KpyToro pebpa M CBSA3AHHOIO C HEOOXOIMMOCTBIO BBIYUC/IEHHUS] BCEX
CTOJIOIIOB CUMILIIEKC-TAOJINIIbI.

HauvasibHoe onpejiesierne (MHUIUAIM3AIMSI) U I€PEOIPEIEJICHUE STAIOH-
HOT'O IOJIITPOCTPAHCTBA BO3MOXKHBI Ha JIFOOOW UTEpaIii CUMILIEKC-MEeTOIa
1 COCTOSIT B TOM, YTO 3TAJIOHHBIM IIOAIPOCTPAHCTBOM CTAHOBHUTCSI TEKYIIEe
ITOIIPOCTPAHCTBO HEOA3UCHBIX MTEPEMEHHBIX. B coorBeTcTBUHE ¢ hopMyIamMu
(3.17) u (3.18) sro ozmavaer, 4ro 1; = 0 mast Becex @ = 1,...,m (a 3Haqwr,
R=0)ud; =1nnascex j =1,...,n—m. Takum 06pa3om, KaK 9T0 CIemyer
u3 (3.27), cpasdy mocyie MHAMUAIN3AINN I [EePEOTIPEIeICHIsT STaJTOHHOTO
HOJIIPOCTPAHCTBA UMeeT MecTo v; = 1 g Beex j = 1,...,n —m.

ITockombKy MPOEKIMOHHBIN METO ] Haumbojee KpyToro pebpa OCHOBaH Ha
U3MEPEHUN YIJIOB B ITOJIIPOCTPAHCTBE, & HE BO BCEM IIPOCTPAHCTBE IIepe-
MEHHBIX, TO BpeMsi OT BpemeHH (Hanpumep, depe3 kaxpie 500 mwmum 1000
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uTepanuii CHMILIEKC-MeTOo/Ia) PEKOMEH IyeTCsI BBIOIHSATH II€PEOIpe IesIeHIe
9TAJIOHHOTO IIO/IIPOCTPAHCTBA.

B sakiiouenne oTMeTHM, UTO MPOEKIMOHHBIN MeTo Hanbosee KPyToro
pebpa 110 CyIIeCTBY COBIaJaeT ¢ MeToJoM olleHuBanus Devex [8] (cm. 1moj-
pasf. 3.4). OcHOBHOE OTJIMYIHE COCTOUT B TOM, UTO B JIAHHOM METOJIE BECOBbIE
MHOZKHTENN 7; (3.27) HepecunThIBAIOTCS TOYHO, KaK 9TO ObLIO IPE/JIOKEHO B
crarbe [10] X. I'punbeprom (H. J. Greenberg) n /Ixx. Kamanowm (J. E. Kalan),
a B MeTosie Devex UCIo/ib3yeTcss UX JOCTATOTHO Ipydast allpOKCUMAIINSI.
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3.4 Metoa ounennBanuda Devex

Memod ouenusanus Dever — 310 MeTo1 BbIOOpa HEOA3UCHON ITEepEMEHHOI,
koTopbiit 6bu1 npeiozken 1. Xappuc (P. M. J. Harris) npu paspaborke
cucrembl Devex [8]. Xappuc nepsoii ofparuia BHUMAaHUE HA aCUMMETDPUIO
npasuia Jlanmura u MCXost U3 IMIUPUIECKUX COOOPAXKEHUl ITPeIoKuIa
U3MEPSATH yIOJl MEXKJIy BbIOMPAEMbIM HAIIPABJIEHHEM U I'DAJUEHTOM I€JIEBOI
QYHKIINK HE B TEKYIIEM IOIIPOCTPAHCTBE HEOA3UCHBIX IEPEMEHHBIX, KOTO-
poe M3MEHsIeTCsI Ha KaxKIoil uTeparui, a B (DUKCHPOBAHHOM (ITAJIOHHOM )
MTOJIIIPOCTPAHCTBE.

Wcropuueckn meron orneHmBaHusI Devex OBLT MEPBHIM METOIOM BBIOOPA
HEeOA3UCHON MepeMEHHOl, B KOTOPOM UCIIOJIB3YeTCs MJIesl ITAJIOHHOTO (Hem3-
MEHHOI'0) MOJIIPOCTPAHCTBA. DTOT METOJ IO CYIIECTBY COBIIAJIAET C MPOEK-
[MOHHBIM MeTOJI0M HauboJiee KpyToro pebpa (cm. mogapass. 3.3). Ero equn-
CTBEHHOE OT/IMYIHEe COCTOUT B TOM, 4YTO IJId IIepecdeTa MaCHITa6I/IpyIOH_LI/IX Be-
JITIUH 7 (3.27)%* Xappuc ncromb3yer MpUOIHKEHHYI0 GOPMYITy, KOTOPYIO
MOKHO TIOJIy9uTh U3 popmyiibl (3.29), eciiu 0TO6POCUTH MOCIIEHEE CIIANAEMOE:

2
3R+ <§”> V- (3.33)
Pq
B mamHOM ciiydae TpebyeTcst JIMIIb OJIHA OIepaliusi 0OpaTHOIO Ipeodbpaz3o-
Banust (BTRAN) ma Kazk/10it nrepanun CHMIIIEKC-METO/[a, JIJIsT BEIIUCJICHNUS
3JIEMEHTOB BeJyIIeil CTPOKU CHMILTIEKC-Tad/mIpbl &, = (fpj),25 [IO3TOMY HC-
ITOJIb30BAHNE MEeTOJa OIleHUBaHUs Devex MO3BOJIsIeT COKOHOMUTH OJHY OITe-
pamuio BTRAN ma Kakmoii urepalyy 110 CpaBHEHUIO ¢ METOZAMU HanboJiee
KpyToro pebpa.

Homycrum, aro p-s (Bemymias) crpoka &, = (&pj) 1 ¢-it (Beymuit) cro-
Ger; =g = (&iq) TeKyIIeil cCUMILIEKC-TabINIIBL y2Ke BBIYnCIeHbl. Tora mpakTu-
JecKad CXeMa IepecdeTa BEeJTHIUH 7, JJIsd CMEKHOro Oa3nuca B COOTBETCTBUH
¢ MeTosIoM oreHuBaHus Devex MoxkeT ObITh cieayormmeii. (31ecs cauraercs,
9TO TAJIOHHOE IOAIMPOCTPAHCTBO V IIEPEMEHHBIX OIPeIesIeHO TOCPEICTBOM
BesmanH 1); (3.17) n 5 (3.18) ToYHO Tak ke, KaK U B CJIydae IPOEKIIMOHHOIO
Mero/ia HanboJsiee KpyToro pebpa.)

1. BeraucuTe TOUHOE 3HAaYEHHe BEJMUNHBI Yy JJIS TEKyIero 6asnca:

Vg = 5‘1 + Zgz'zqa

i€ER

rne R={i:n; =1} ={i: (zp); € V} — MHO)KECTBO HH/ECKCOB OA3MCHBIX IIe-
PEMEHHBIX, IIPHHAJIIEXKAIIUX STAJOHHOMY MOAIPOCTPAHCTBY. (3aMeTuM, 4To

*'B craTbe [8] BMecTO BemmumH 7y; HCIOMB3yIOTCA camu HOpMBL 1) = (/Y = | Az, ],
koTopble Xappuc HasbBaer «tread» (aHri. — mupuHa X0/1a).

23ra cTpoOKa TAKKe HCHOJB3YeTCsl JIsl IePecIeTa OTHOCHTEIbHBIX ONEHOK HeOAZMCHDIX
HepeMeHHbIX (CM. mogpas. 2.3).
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B cooTBeTCTBHU C opmyJIoit (3.33) BEIUYUHBI 7; MOHOTOHHO BO3PACTAIOT.
[TosToMy ec BBIMUC/IEHHOE TOYHOE 3HAUCHHE Yy 3HAYUTETLHO OTJINYaeTCs
OT €ro TEKyIIero IpubINKeHHOTO 3HAYEHHsI, CJIEIyeT IIePEOPEIe/INTh ITa-
JIOHHOE TIOJIIIPOCTPAHCTEBO. )

2. BpraueauTs Bemuyuunel 5, j =1,...,q—1,q+1,...,n—m g cMex-
Horo Gaswuca:

V=t (5pj/§pq)27q-

3. BeIMuCINTD BeJIMYUHY 7, JIJIs CMEXKHOro dasuca:

T‘I:FYQ/éﬁq .

Bai6op HeGasuCHOIT IepeMeHHOM (& )q BBIIOIHSETCS 10 IpaBmiy (3.32)
AHAJIOPMIHO TOMY, KaK 9TO JIEJIAeTCsl [IPU UCTIOJIb30BAHUN IPOEKITMOHHOTO Me-
Tozia Hanbosiee KpyToro pebpa. HauasbHoe onpeesenne (MHUIMAIM3AINS ) 1
[epeoIpeieieHne 3TaJOHHOIO MOAIPOCTPAHCTBA TaKKe BBINOIHSAIOTCS aHa-
JIOTUYIHBIM 00pa30M.
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